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Abstract 

In this article we introduce the notion of malti-Koszul algebra for the case of 
a nonnegatively graded connected algebra with a finite number of generators 
of degree 1 and with a finite number of relations, as a generalization of the 
notion of (generalized) Koszul algebras defined by R. Berger for homogeneous 
algebras, which were in turn an extension of Koszul algebras introduced by S. 
Priddy. Our definition is in some sense as closest as possible to the one given in 
the homogeneous case. Indeed, we give an equivalent description of the new 
definition in terms of the Tor (or Ext) groups, similar to the existing one for ho- 
mogeneous algebras, and also a complete characterization of the multi-Koszul 
property, which derives from the study of some associated homogeneous al- 
gebras, providing a very strong link between the new definition and the gen- 
eralized Koszul property for the associated homogeneous algebras mentioned 
before. We further obtain an explicit description of the Yoneda algebra of a 
multi-Koszul algebra. As a consequence, we get that the Yoneda algebra of a 
multi-Koszul algebra is generated in degrees 1 and 2, so a IC2 algebra in the 
sense of T. Cassidy and B. Shelton. We also exhibit several examples and we 
provide a minimal graded projective resolution of the algebra A considered as 
an A-bimodule, which may be used to compute the Hochschild (co)homology 
groups. Finally, we find necessary and sufficient conditions on some (fixed) se- 
quences of vector subspaces of the tensor powers of the base space V to obtain 
in this case the multi-Koszul property in the case we have relations in only two 
degrees. 

Mathematics subject classification 2010: 16E05, 16E30, 16E40, 16S37, 16W50. 
Keywords: Koszul algebra, Yoneda algebra, homological algebra. 
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1 Introduction 

Koszul algebras were introduced by S. Priddy in 11261 , motivated by the article 112011 
published by J.-L. Koszul in the 50s. They have been extensively studied in the 
last years, in particular due to their applications in representation theory (cf. J3), 
IIU), algebraic geometry (cf. [14]), quantum groups (cf. 1221 ). and combinatorics (cf. 
lTt8l ), to mention a few. These algebras are necessarily quadratic, i.e. they are of the 
form T(V)/(R), with R C V® 2 . R. Berger generalized in (5l the notion of Koszul 
algebras (cf. also IfTTlO to the case of homogeneous algebras, i.e. algebras given 
by T(V)/(R), with R C V® N , for N > 2. They were called generalized Koszul, or 
N -Koszul if the mention to the degree of the relations was to be indicated, and the 
case N = 2 of the definition introduced by Berger coincides with the one given by 
Priddy. The general definition shares a lot of good properties with the one given 
by Priddy, justifying the terminology (see for example |5JH1)- In particular, the 
Yoneda algebra of an 7V-Koszul algebra is finitely generated (in degrees 1 and 2), 
and its structure is easily computed from that of the original algebra. We would 
like to point out that the new class of algebras satisfying the Koszul property of 
Berger lacks however of other interesting properties, e.g. they are not closed under 
taking duals, or under considering graded Ore extensions, the Yoneda algebra of 
an 7V-Koszul algebra is not formal for N > 3, etc. 

On the other hand, several examples of not necessarily homogeneous algebras 
which arise in the practice and which share some of the interesting properties of 
generalized Koszul algebras lead to the question if there is an analogous definition 
of Koszul-like algebra for more general situations. In this article we propose such 
a definition for the case of a finitely generated nonnegatively graded connected 
algebra which is generated in degree 1 and has a finite number of relations, i.e. 
algebras of the form T(V)/(R), where V is a finite dimensional vector space, which 
we consider to be in degree 1, and R C T(V)>2 is a finite dimensional graded 
vector space. They will be called multi-Koszul. Our main goal is to provide such 
a class of algebras, which are in some sense the closest possible to the generalized 
Koszul algebras, for which the Yoneda algebra is in fact finitely generated and its 
structure is directly deduced from that of the original algebra. 

The new definition may seem however to be too restrictive (e.g. see Remark 
13.241 and Corollary 15. 17\ , and despite the fact that it is probably not the most gen- 
eral possible and reasonable extension of the Koszul property for such algebras, all 
the nice properties satisfied by it (e.g. Theorem |3.171 Propositions 13 . 7113 . 1 2 l and 13 . 2 1 1 
Remarks 13. 22l and l3. 251 and Corollary 13. 23 1 make us believe that any sensible such 
general definition of Koszul-like algebra in the general context of graded algebras, 
if it exists, should necessarily include our definition as a special case. 

This work is partially inspired on the Ph.D. thesis of the second author, but it 
considers a more general setting of graded algebras. 

The contents of the article are as follows. We start by recalling in Section 2 
several well-known definitions and results about the category of graded modules 
over a nonnegatively graded connected algebra. 

Section 3 is devoted to the definition of multi-Koszul algebras and to prove 
some properties for this family of algebras. The first main result, Proposition 13.121 
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(see also Proposition |3.15t gives a (co)homological description of multi-Koszul al- 
gebras in term of their Tor (or Ext) groups, which yields a left-right symmetry of 
the definition. Then, Theorem l3 . 1 7l relates the multi-Koszul property for an algebra 
A to the (generalized) Koszul property of some homogeneous algebras associated 
to A. Moreover, we also study the associated Yoneda algebra and prove in Corol- 
lary 13.231 that multi-Koszul algebras are AC 2 algebras, in the sense defined by B. 
Cassidy and T. Shelton in 1113 1 . We further obtain a description of the A^-algebra 
structure of the corresponding Yoneda algebra (see Remarks 13 . 22 l and 13.25b . 

Following the ideas of Berger in O, in Section 4 we construct an A-bimodule 
resolution of a multi-Koszul algebra, which can be used in the computation of the 
Hochschild (co)homology groups of the algebra. 

Finally, in Section 5 we concentrate on the special case of having relations in 
only two degrees. We find necessary and sufficient conditions on some (fixed) 
sequences of vector subspaces of the tensor powers of the base space V to get 
the multi-Koszul property, following the lines of the analysis done in the case of 
(generalized) Koszul algebras by Berger (see |5|, Section 2, but cf. also [2j). Some 
of these subspaces together with their conditions are the ones already found in the 
homogeneous case, but these are not equivalent to the multi-Koszul definition, and 
in fact new sequences of vector subspaces satisfying more complicated conditions 
are introduced in order to obtain the desired definition. 

We remark that the notion of multi-Koszul algebras for algebras having rela- 
tions in two degrees is completely different from the notion of (p, g)-Koszul rings 
given in ItTOl . On the other hand, it is easily seen that any multi-Koszul algebra 
with relations in degrees 2 and d > 2 satisfies the 2-c?-Koszul property defined in 

EE 

Throughout this article k will denote a field, and all vector spaces will be over 
k. Moreover, V will always be a finite dimensional vector space, and A a non- 
negatively graded connected (associative) algebra over k (with unit), to which we 
will usually just refer as an algebra, with irrelevant ideal A>o = @ n>0 A n . The 
vector space spanned by a set of elements {v s : s £ S}, for some index set S, 
will be denoted by span fe (v s : s £ S) and the ideal / generated by a set of elements 
{a s : s £ S} of an algebra A will be denoted by (a s : s £ S). We will however 
also write the former vector space as (v s : s £ S) to simplify the notation, when we 
believe that it clearly denotes a vector space, but if necessary we shall stress that 
we mean the vector space spanned by those elements, and not the ideal generated 
by them, to avoid confusion. All unadorned tensor products ® will be considered 
over k, unless otherwise stated. We shall typically denote the vector space V® n by 
y(") 7 for n £ Z, where we follow the convention — 0, if n < 0, and = k, 
and an elementary tensor v\ ® • ■ • ® v n £ V^ n > will be usually written by v\ . . . v n . 

2 Preliminaries and basic properties 

In this section we shall recall some basic facts about the category of (bounded be- 
low) Z-graded modules over a nonnegatively graded connected algebra. We refer 
to Bill , Exp. 15, or [6| for all the proofs of the mentioned results. 

Throughout this section, A will always denote a nonnegatively graded con- 
nected algebra of the form A = meN A m , and we shall follow the typical con- 
vention A m = 0, for m < 0. A Z-graded left (resp., right) A-module M = © ngZ M„ is 
a Z-graded vector space together with an left (resp., right) action of A on M such 
that A m M n C M m+n (resp. M m A n C M m+n ), and we shall sometimes refer to 
them simply as left (resp., right) A-modules. Moreover, since we will mostly deal 
with left modules, we will usually omit the adjective and call them just modules (or 
graded modules), if it is clear from the context, but we will restore it if it is neces- 
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sary. We will denote by A-grMod the abelian category of Z-graded left A-modules, 
where the morphisms are the A-linear maps preserving the grading. The space 
of morphisms in this category between two graded A-modules M and M' will be 
denoted by hom^M, M'). This category is provided with a shift functor (— )[1] de- 
fined by (M[l])„ = M n+ i, where the underlying A-module structure of M[l] is the 
same as the one of M, and the action of the morphisms is trivial. We shall also 
denote (— )[d] the d-th iteration of the shift functor. The A-module M is said to be 
left bounded, or also bounded below, if there exists an integer n such that M n = for 
all n < uq. Notice that the graded left A-modules which are left bounded form a 
full exact subcategory of A-grMod. 

If M is a graded left A-module, we may consider the graded right A-module 
M#, called the graded dual, which has n-th homogeneous component (M_„)*, 
where (— )* denotes the usual dual vector space operation, and if a e A m and 
/ 6 (M#) n , then / • a £ {M#) m+n = (M_ m _„)* is defined by (/ • a) (a?) = /(a • x), 
for all x € M_ TO _ n . There exists an obvious definition if we start with a graded 
right A-module. We will also consider the analogous graded dual construction 
(— )# in the category of graded vector spaces. Given graded A-modules N and N', 
we recall the following notation: 

Hom A (N,N') = 0hom A (iV,7V'[d]). 

We remark that, if N is finitely generated, then Uom A (N,N') = Uom A (N, N'), 
where the last morphism space is the usual one for A-modules by forgetting the 
gradings (see EU, Cor. 2.4.4). 

We say that an object M in A-grMod is s-concentrated in degrees h, - ■ ■ ,l s if there 
exist integers l\ < ■ ■ ■ < l s and vector subspaces of M, M^, ■ ■ ■ , Mi s , such that 
M — Mjj © • • • © Mi 3 . An object M in A-grMod is called s-pure in degrees h, ■ ■ ■ , 
l s if there exist integers l\ < ■ ■ ■ < l s and graded vector subspaces Mi 1 , Mi s of 
M where each is concentrated in degree k, such that M = AMi t + • • • + AMi s 
and M h n (AMj, + • • • + AM h _ t ) = for all i = 2, . . . , s. In this case, there exists 
an isomorphism of graded vector spaces k ®a M ~ ®l = i Mi t . If s = 1 we simply 
say that M is a concentrated (respectively, pure) module (cf. ||5]|). 

In both cases, the integers l-y, ■■ ■ ,l s such that M/ 15 • • • , Mi s are nonzero are 
uniquely determined whenever M is a nontrivial module. It is clear that every 
module which is s-concentrated in degrees l\, ■ ■ ■ , Z s is s-pure in degrees l\, ■ ■ ■ ,l s , 
and that every module s-concentrated in degrees h, ■ ■ ■ ,l s is isomorphic to a direct 
sum of shifts fe[-Zi] dimM 'i © • • • © k[-l s ] dimM '^ as graded vector spaces. 

The following result is the graded version of the Nakayama Lemma. 

Lemma 2.1. Let M be a left bounded Z-graded left A-module. Ifk ® A M = then M is 
also trivial. 

Proof. See lU, Lemme 1.3 (see also UTTl , Exp. 15, Prop. 6). □ 

The A-module M is said to be graded-free if it is isomorphic to a direct sum 
of shifs A[— li] of A. We remark that a bounded below Z-graded A-module M 
is graded-free if and only if its underlying module (i.e. forgetting the grading) 
is free, if and only if it is projective (as a graded module or not), if and only if 
Tor^(fc, M) = 0, for all • > 1 (or just • = 1). This will follow from the comments 
on projective covers. Furthermore, it is easy to see that the graded dual of a pro- 
jective graded left (resp., right) A-module is an injective graded right (resp., left) 
A-module (see ItTTI . Exp. 15, Prop. 1). 

A surjective morphism / : M — > M' in A-grMod is called essential if for each 
morphism g : N — > M in A-grMod such that / o g is surjective, then g is also sur- 
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jective. As an application of the Nakayama Lemma we have the following result 
which characterizes essential surjective maps. 

Lemma 2.2. Let f : M —> M' be a morphism in the category A-grMod. 

(i) Suppose that M' is left bounded and that f is surjective and essential. Then 1^ ®a f 
is bijective. Moreover, if M is also left bounded, the converse holds. 

(ii) Assume that f is surjective and M is pure in degree I. Then f is essential if and only 
if fi : All — > M[ is injective. 

Proof. For the first item, see J6J/ Lemme 1.5 (see also ItTTI . Exp. 15, Prop. 7). For the 
second one, see J5J, Prop. 2.4. □ 

In fact, the last item of the previous lemma may be generalized as follows. 

Proposition 2.3. Let f £ hom^M, M') be a surjective morphism. If M is s-pure in 
degrees ,l s , then M' is also s-pure in degrees h, ■ ■ ■ ,l s . Moreover, f is essential if 

and only if the induced morphisms fi t : — > M[. are injective for 1 < i < s. 

Proof. Let m! £ M' and m € M be such that f(m) = m'. Since M is s-pure 
in degrees ii, • • • , l s , there exist a, £ A and m, £ Mi- for 1 < i < s such that 
m = Y^,i=i a i m i- Therefore, m' = Y^t=i a if( m i), where f(rrn) £ M{.. Thus, M' is 
s-pure in degrees h, ■ ■ ■ , l s . By Lemma [2. 2 1 / is essential if and only if the induced 
fc-linear map 

Ifc <8U / : k ®a M — >k® A M' 

is bijective. However, since M and M ' are s-pure then k ®^ M and k (g)^ M' are 

canonically isomorphic to k <g> M h + ■ ■ ■ + k <g> M ia and k ® M{ -\ h k (8 M[ , 

respectively. Thus, the restrictions to each degree of \u® a /become fi t : M% t — > M[. 
for 1 < i < s. □ 

Let M be a nontrivial object in A-grMod. A projective cover of M is a pair (P, /) 
such that P 6 A-grMod is projective and / : P — > M is an essential surjective 
morphism. We remark that every left bounded Z-graded A-module M has a pro- 
jective cover, which is unique up to (noncanonical) isomorphism (cf. 1111 . Exp. 
15, Theo. 2). Moreover, given M a bounded below A-module, a projective cover 
may be explicitly constructed as follows. Since M ^ 0, the Nakayama lemma tells 
us that M/(A >0 ■ M) ~ k ® A M is a nontrivial graded vector space. Consider a 
section s of the canonical projection M — > M/(A > q ■ M) ~ k 0^ M. Now, we 
define P = A ® (k <E)a M) together with the A-linear map / : P — ► M given by 
f(a (8 v) = as(v), for a £ A and v £ k <E>a M. Using the previous lemma one 
directly gets that (P, f) is a projective cover of M. 

We recall that a (graded) projective resolution (P., d,) of a graded A-module 
M is minimal if do : Pq —> M is a projective cover (or equivalently, it is essen- 
tial) and each of the maps Pi Ker(dj_i) induced by di is also essential, for all 
i £ N. We want to remark the important fact that, by iterating the process of con- 
sidering projective covers for bounded below modules, one may easily prove that 
any bounded below graded A-module has a minimal projective resolution (see 
[6l , Theo. 1.11). If the A-module M has a minimal projective resolution (P., d m ), 
for any other projective resolution (Q., d' m ) of M , there exists an isomorphism of 
(augmented) complexes Q, ~ P. ffi H,, where H, is acyclic (see \6\, Prop. 2.2). Ad- 
ditionally, the assumption on the minimality of the projective resolution implies 
that the differential of the induced complex k ®a P. vanishes (see [11], Exp. 15, 
Prop. 10, or |6|, Prop. 2.3), so if (P, , d,) denotes such a minimal projective resolu- 
tion, one also easily gets that P. ~ A ® Tor. (fc, M). Combining the results of the 
two previous sentences, it is trivial to see that if (Q,,d' m ) is a projective resolution 
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of a graded A-module M having a minimal projective resolution, then the former 
is minimal if and only if the induced differential of k <E)a Q» vanishes. Projective 
resolutions in this context formed of finitely generated modules are often referred 
to as pure projective resolutions. 

If TV is left bounded, let (P. , d, ) be a (minimal) graded projective resolution of 
TV. As usual, we denote 

Sxt\(N, TV') = H l (Uom A (P.,N')), 
ext^(TV, TV') = H l (hom A (P„ N')). 

Note that ext^(TV, TV') = £xt A (N, TV') and that if the projective resolution of TV is 
composed of finitely generated projective A-modules, there is a canonical identifi- 
cation £xt A (N, TV') ~ Ext^(TV, TV'). Moreover, using a very simple duality argu- 
ment one can see that, if M is a bounded below graded left A-module, then there 
is a canonical isomorphism of graded vector spaces 

£xf A (M, k) ~ Torf (jfc, M)# (2.1) 

for all i 6 N (see Q, Eq. (2.15), but cf. also EI, Exp. 15, Prop. 2). 

We end this section by stating the beginning of the minimal projective resolu- 
tion of the trivial left A-module k for any nonnegatively graded connected algebra 
A. The analogous statements for the trivial right A-module k are immediate. We 
know that the minimal projective resolution of the trivial (left) A-module k starts 
as 

A®V A A^k^O, 

where 5 is the augmentation of the algebra A,V~ A >0 /(A >0 ■ A >0 ) is a vector 
space spanned by a minimal set of (homogeneous) generators of A, and Si is the 
restriction of the product of A (see El, Exp. 15, end of Section 7). This implies 
that A is in fact a quotient of the tensor algebra T(V). Furthermore, if we set A = 
T(V)/I, for I a homogeneous ideal, it is also well-known (and follows easily from 
the definition) that Ker(£i) ~ //(/ ® V) (as graded vector spaces), so there is an 
isomorphism of graded vector spaces k <g> a Ker (Si ) ~ I /(T(V) >0 ®I + I®T(V) >0 ). 
A space of relations R of A is defined to be a graded vector subspace of I which is 
isomorphic to I/(T(V) > o ■ I + I ■ T(V)>o) under the canonical projection. Notice 
that its Hilbert series is thus uniquely determined, and the same holds for its first 
nonvanishing homogeneous component. It is trivially verified that the ideal of 
T(V) generated by R coincides with /. Hence, if R is a space of relations of A, 
we have an isomorphism of graded vector spaces k ®a Ker(di) ~ R (see 11151 , 
Lemma 1, for complete expressions of the graded vector spaces Tor^(/c, k), for • S 
No, in terms of I and the irrelevant ideal T(V) > q). Hence, A ® R — > Ker(^i) is 
a projective cover, and the beginning of the minimal projective resolution of the 
trivial A-module k is of the form 

A®R^A®V^hA^k^0, 

where 82 is induced by the usual map a <E> Vi . . . v n ^ avi . . . V n -i ® v n . 

3 Multi-Koszul algebras 

From now on, A will always denote a finitely generated nonnegatively graded 
connected algebra generated in degree 1. This means that there exists a finite di- 
mensional vector space V considered to be in degree 1 and a surjective morphism 
of graded algebras of the form T(V) ->• A, so A ~ T(V)/I, where I C T(V) is 
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a homogeneous ideal of T(V). To avoid redundancy we will always assume that 
the vector space V is canonically isomorphic to A >0 /(A >0 ■ A >n ) (as graded vec- 
tor spaces). Let us denote by R a space of relations of A. We remark that in this 
situation, it may be equivalently defined as follows: for each n > 2, let R n be a sub- 
space of /„ such that it is supplementary to /„_ i ® V + V ® I n -i ■ The graded vector 
space R = ©„> 2 Rn is clearly a space of relations of A. We may thus suppose that 
A = T(V)/(R), for R C T(V)>2 a graded vector subspace. We will further assume 
that A has a finite number of relations, i.e. that R is finite dimensional, so there ex- 
ists a finite subset S of N> 2 such that R = ® seS R s and R s C V^K We shall say 
that such an algebra A = T(V)/I is S -multi-homogeneous, if we want to stress the 
degrees of the space of relations of A. 

We remark however that the set S C N> 2 may not be completely determined by 
A. If A = T(V)/(R) is 5-multi-homogeneous, so R = © se si£ s , we could consider 
any S' 3 S included in N> 2 , and by writing R = ® s i e s'Rs', where R s i = for 
s' G S'\S, we may also say that A is 5'-multi-homogeneous. Nonetheless, it is easy 
to see that the family of all subsets S C N> 2 such that A is i'-multi-homogeneous 
contains a unique minimal element S given by all s G N> 2 such that R s ^ 0. 

The previous considerations tell us that, under the previous assumptions, we 
may then work in the following concrete setting. We consider a graded algebra 
A of the form T(V) / (R), where V is a finite dimensional vector space, considered 
to be concentrated in degree 1, and R = ® seS R s , where R s C V {s) and S C N> 2 
is a finite subset. We shall suppose from now on that A satisfies these hypothe- 
ses, unless otherwise stated. However, we will sometimes repeat (some of) the 
assumptions for emphasis. 

Note that the fact that R is a space of relations of A implies the following mini- 
mality condition: 

s-t 

R ° fl (J2 Yl yU) ® Rt ® ^ (s_t " j) ) = o. (3.i) 

Conversely, given R = ® s£S R s satisfying J3.H , where R s C l/( s ) and S 1 C N> 2 is a 
finite subset, then i? is a relation space of the algebra T(V)/ (R). 

The two-sided graded ideal I = ©„ 6Z I n generated by R in the tensor algebra 
T(V) may be explicitly presented as 

n— s 

In=J2Yl ® R °® V {n - S ~ j) . 
sGS j=0 

The homogeneous components of the algebra A are thus given by the vector 
spaces A n = jl n , for n G No, and zero for n < 0. 

For each s G N> 2 , we consider the map n s : No — > Nq of the form 

n s (2l) = si, n s (2l+ 1) = sl+ 1. 

Notice that n a (i + 2) = n a (i) + s, for all i G No, and 



n s (t + l) -n s (t) = 



1, if Hs even, 
s — 1, if Hs odd. 



We shall use these elementary properties, specially in Section |5j without further 
mention. 

If s G S, we will denote 

n s (i)—s 



7 



for i > 2, and J" = V^ l \ for i = 0, 1. We remark that the minimality condition 
(ED implies that J? n (V w <g> J?/ ® yKW-fv (O-i)) = o, for all different s, s' 6 5, 
j = 0, . . . , n s {i) - n s i(i'), and i, i' £ N> 2 such that n a >(i') < n s (i). 
Moreover, we define 

ses 

if i > 2, and J 4 = V^, if i = 0, 1. Note that J 2 = i?. 

Definition 3.1. Lef ^4 be an S -multi-homogeneous algebra with space of relations R = 
(BsesRsr R s C V(% and 5 a finite subset of N>2- We suppose the usual minimality 
condition on R. The left multi-Koszul complex (K(A),,5,) of A is defined by K(A) = 
A, K(A) i = A <g> V and K(A)i = A ® Jifor i > 2, together with the differential 8, where 
5\ is induced by the multiplication on A, and, for i > 2, 

Si : A <g> Ji -> A ® Jj_i 

is gz'uen by ffre restriction of the map S t : A ® (© se s^ ns ^^) ->■ v4 ® (© s es^ (ns(i_1)) )/ 

« . . I cw,-, •■■i>,- , ® .... if i is even, 

I aujj ® Uj 2 ■ • ■ Vj (i) , if i is odd, 

for s G S. Notice that 5i{A® Jf) C A® J?_ lt for i > 3 and s e S. It is clear 
that Si + i o 5i = 0, for i e N. We may also consider this complex together with the 
augmentation So ■ K(A) a —> k given by the augmentation of the algebra A, which we may 
depict as follows 

► K(A)i 4 K{A)t-i -> ► K{A) 1 % K(A) $ k -t 0. 

Note also that the left multi-Koszul complex of A is composed of graded-free left A-modules, 
and the differentials are A-linear maps preserving the degree. 

We say that A is left multi-Koszul if the (augmented) left multi-Koszul complex of A 
provides a projective resolution of the trivial left A-module k, and in this case we may call 
the complex the left multi-Koszul resolution for A. 

We remark that the left multi-Koszul complex of A coincides with the minimal 
projective resolution of the left module k seen at the end of Section [2] up to homo- 
logical degree 2. It is clear that the left multi-Koszul resolution for A is minimal 
(because the induced differential of the complex k ®a K(A), vanishes) and pro- 
jective. It is straightforward to see that an algebra is left multi-Koszul if and only 
if its left multi-Koszul complex defined above is acyclic in positive homological 
degrees. 

Remark 3.2. Since an algebra A may be regarded to be S -multi-homogeneous for different 
subsets S C N>2, one may wonder whether the definition of left multi-Koszul algebra 
actually depends on the subset S. It is however trivially verified that this is not the case, 
i.e. if A is regarded as S -multi-homogeneous and also S ' -multi-homogeneous, then it is left 
S -multi-Koszul if and only if it is left S' -multi-Koszul. The same phenomenon also occurs 
for the definition of right multi-Koszul property presented in the following remark. 

Remark 3.3. There is also an analogous definition of right multi-Koszul complex and 
hence of right multi-Koszul algebra. Using the same notation as in the previous def- 
inition, the right multi-Koszul complex (K(A)' 9 ,5' 9 ) of A is defined by K(A)' = A, 
K(A)i = V <g> A and K(A)' l = J t ® A, for i > 2, together with the differential S'. 
where 5[ is induced by the multiplication on A, and, for i > 2, 

8[ : J l ® A -> Ji_i (8 A 



8 



is given by the restriction of the map 8[ : (© seS y ( " s(i)) ) ® A -> ((BsesV^ 11 ^' 1 ^) <g> A, 
where 




■ ■ ■ v h O a) 




■ • • Vj a Vj g _ 1 ■ ■ ■ Vj 1 a, if i is even, 

■ ■ ■ Vj 2 ® Vj x a, if i is odd, 



for s G S. We will also consider this complex together with the augmentation S' : 
K(A)' — > k given by the augmentation of the algebra A. 

Notice that the right multi-Koszul complex of A coincides with the minimal projective 
resolution of the right module k mentioned at the end of Section\2\up to homological degree 
2. 

We say that A is right multi-Koszul if the (augmented) right multi-Koszul complex 
of A provides a projective resolution of the trivial right A-module k, and in this case we 
may call the complex the right multi-Koszul resolution for A. 

It is easy to check that the right multi-Koszul resolution for A is minimal (because 
the induced differential of the complex K{A)' t ®a k vanishes) and projective, and that an 
algebra is right multi-Koszul if and only if its right multi-Koszul complex defined above is 
acyclic in positive homological degrees. 

Remark 3.4. Note that the previous definition of left or right multi-Koszul property co- 
incides with the corresponding one given in Q, Section 5, if the algebra is homogeneous, 
and in principle not to the one given in (51, Definition 2.10. Nonetheless, using flTJ, Prop. 
3, one immediately deduces that for a homogeneous algebra both definitions are equivalent, 
implying that such an algebra is multi-Koszul if and only if it is generalized Koszul, and in 
fact the left (resp., right) multi-Koszul complex coincides with the (generalized) left (resp., 
right) Koszul complex defined by Priddy if the algebra is quadratic and by Berger if the 
algebra is homogeneous. 

Remark 3.5. Notice that, for d e N>2, if A is a left {2, d} -multi-Koszul algebra for the 
previous definition, then it is in particular a 2-d-Koszul algebra in the sense defined in 
Ifl6] . The converse however does not hold (see the algebra B in 11121 , which is not {2, 3}- 
multi-Koszul). 

Since the length of a minimal projective resolution of k gives the global dimen- 
sion of A, the following proposition is immediate. 

Proposition 3.6. Let A = T{V) / (R) be an S -multi-homogeneous algebra (with S a finite 
subset of N>2) such that R = ® seS -R s satisfies the minimality condition. If the global 
dimension of A is 2, then A is S-midti-Koszul. 

We also have the following result, which shows a way to produce (an infinite 
number of) examples of multi-Koszul algebras. 

Proposition 3.7. Let {B s : s £ S}, where S C N>2, be a finite collection of nonneg- 
atively graded connected algebras such that B s is s-Koszul, for each s e S. Then, the 
free product (i.e. the coproduct in the category of graded algebras) A = U sgS B s of the 
collection {B s : s E S} is a multi-Koszul algebra. 

Proof. Let us suppose that B s = T(V S )/{R S ), for s e S, is an s-Koszul algebra, 

where R s C V s . By the definition of the free product of the collection {B s : s S 
S}, we may consider that A = T(V)/(R), where V = ® a &sV a , and R = © s6S i? s . 
The canonical inclusion B a <— >• A is a morphism of graded algebras, and it makes 
A a free graded (left or right) £? s -module. 
On the one hand, it is clear that, if s £ S, 



n s (?) — s 
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for i > 2. We recall that J, = © seS J? . Moreover, J\ = V = ® s esVs, and J = k. In 
fact, if (K(B S ),, 51) denotes the Koszul complex of B s , which is acyclic in positive 
homological degrees by assumption, then K(B S ), = B s ® J^. Since A is free as 
a I? s -module, we have that A K(B s ), = A <g> J* is also acyclic in positive 
homological degrees. This can be proved as follows. We consider the convergent 
spectral sequence of change of base E 2 q = Tor^ (A, H q (K(B s ),)) =>■ H p+q (A ®B' 
K(B S ).) (see W\ . Application 5.7.8, where we have used the fact that K(B S ). is 
a bounded below complex of free modules). The exactness of the Koszul complex 
of B s and the freeness of the £> s -module A imply that E 2 = if (p, q) ^ (0, 0). In 
consequence, H n (A ® B . K(B S ),) = 0, for n > 1. 

Since the multi-Koszul complex (K(A),,8,) of the algebra A can be decom- 
posed as K(A), = QsgsA (g> B ° K{B S ),, for • > 1, and 5. = © se s<^ for • > 2, the 
exactness of A ® B » K(B S ), in positive homological degrees tells us that K(A), is 
acyclic in homological degrees greater than or equal to 2. On the other hand, the 
exactness of the multi-Koszul complex in homological degree 1 is automatically 
satisfied for a nonnegatively graded connected algebra. We have thus that K(A), 
is exact in positive homological degrees, so A is multi-Koszul. □ 

Let A = T(V)/(R a ) and B = T{W)/(R b ) be such that A is a-Koszul, B is 
&-Koszul, where we consider V and W to be subspaces of a fixed vector space 
U, and the minimality condition for R a ® Rb Q T(U) is satisfied. Consider the 
{a, 6}-homogeneous algebra C = T(V U W)/(R a , Rb}- One may wonder if the 
previous result could be weakened in order to obtain that C is also multi-Koszul. 
As expected, the answer is no, as we may see in the following example. 

Example 3.8. Consider the algebras A = k(x, z)f (xz) and B = k{x, y)/{y 2 x). It is 
direct that A is 2-Koszul, B is 3-Koszul and that the minimality condition for the relation 
space sp&n k (x z,y 2 x) C k(x,y,z) holds. The algebra C — k(x,y, z)/ (xz,y 2 x) is not 
(left) multi-Koszul since k (gic Ker(5 2 ) = spa,n k {y 2 xz) ^ J|. 

A similar example can be also obtained for V = W in the previous notation. Consider 
the algebras A = k(x, y) /(xy) and B = k(x, y)/{y 2 x), which are respectively 2-Koszul 
and 3-Koszul. The minimality condition for sp&n k {xy,y 2 x) C k(x,y) is satisfied. The 
algebra C = k{x,y)/(xy,y 2 x) is however not left multi-Koszul, since k ®c Ker(<5 2 ) = 
span k (xy 2 x, y 2 xy) but J3 = 0. 

Regarding some of the several different equivalent definitions of the (general- 
ized) Koszul property for homogeneous algebras, one may wonder for instance if 
an S'-multi-homogeneous algebra is left multi-Koszul if and only if the trivial A- 
module k has a minimal projective resolution (P,, d,) whose i-th projective Pi is 
pure in degrees {n s (i) : s e S}, for all i G N (cf. J5J, Prop. 2.13). Unfortunately, 
this proposal is different from the Definition 13.11 (e.g. Example 13.9b , and it leads 
to several undesirable situations. For instance, if one only asks that the i-th pro- 
jective Pi of the minimal projective resolution of the trivial A-module k is pure in 
degrees {n s (i) ■ s G S}, for all i e No, the differentials of such a minimal projec- 
tive resolution may become rather complicated, since the relations may interact in 
complicated ways. Furthermore, this (alternative) definition would not be yield to 
a proper generalization of the (generalized) Koszul algebras, if we are willing to 
have such a definition independent of the index set S in the sense of Remark 13.21 
(see the algebra B of the Example 13.1 PL Moreover, following the ideas of Example 
13.101 we see that this alternative definition would also allow lots of bad behaved al- 
gebras containing "non-Koszul components", even in the generalized sense, and in 
particular, the Yoneda algebras obtained from this alternative definition will not be 
necessarily IC2 (see the algebra A of the Example l3.10t . We next list these examples 
thus in order to understand better why Definition 13. H is in some sense reasonable 
to avoid the aforementioned phenomena, which we may regard as pathological. 
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Example 3.9. Consider the algebra A = k{x,y, z)/{xy,y 2 z). One may easily compute 
the minimal projective resolution of the trivial A-module k of the form 

Q^A®(xy 2 z) - S ^A®(xy,y 2 z) A A ® (x, y, z) A A A k — ► 0, 

where the morphisms Sifor i = 0,1,2 are defined as above, and 8z(a ® xy 2 z) = ax® y 2 z. 
Note that the i-th projective module is pure in degrees n 2 (i) and n^{i), for all i e Nq. 
However, the algebra is not left multi-Koszid, for the condition Ker(<52)/(A >0 -Ker(c)2)) = 
Jf © Jf fails. 

Example 3.10. Consider the algebras B = k(x, y, z)/(x 2 y, z 2 x) and C = k(u)/{u 4 ). It 
is easy to check that C is 4-Koszul whereas B is not 3-Koszul (for instance, because z 2 x 2 y 
is a minimal generator of degree 5 of the kernel of the second differential). Let A~B*kC 
be the free product of B and C. There exists a minimal graded projective resolution 

> A ® (u" 4(l) ) -> > A ® (u 8 ) -> A®W -> A®R^ A®V -> A^k^O, 

where V = span fe (x, y, z,u), R = span fe (x 2 y, z 2 x, u 4 ),W = span fe (z 2 x 2 y, u 5 ) and the 
differentials are the obvious ones. This implies that the i-th projective module is pure in 
degrees n${i) and ni{i),for all i e No- However, k ®a Ker(<52) ^ Jf © J|, so A is not 
left multi-Koszul. 

We note incidentally that, if the algebra B is regarded as an S -multi-homogeneous 
algebra for S = {3, 4} (by considering i? 4 = 0), it satisfies that the trivial left A-module 
k has a minimal projective resolution whose i-th projective is pure in degrees n 3 (i) and 
ni{i),for all i € No- 

Before proceeding further we want to make several comments on the left multi- 
Koszul complex of an 5-multi-homogeneous algebra A. The obvious statements 
for the right multi-Koszul complex trivially hold. First, given i G No, note that 
the map of graded vector spaces Jj+i — > Ker(<y given by the restriction of is 
injective. This can be proved as follows. The cases i = 0, 1 are immediate, so we 
will suppose that i > 2. In that case, the previous map is the direct sum of the 
maps J,f +1 -> Ker(5i) n (A ® Jf), for seS,so the kernel of the former is the direct 
sum of the kernel of the previous maps for each s £ S. Furthermore, the kernel of 
the restriction of 8 i+ i to J? +1 is easily seen to be Jf +1 n (I ns (i+i)-n,(i) ® Jf)- The 
first term of this intersection is included in R s £g) whereas the second is 

included in 

s — s' 

( Yl yU) ® Rs ' v-s-s'-ti) ® t/^ 1 - 1 )), 

s'<s j=0 

where we have used that n s (i + 1) — n s (i) < s. The intersection of the last two 
vanishes by the minimality condition (13. It , so a fortiori the kernel of the restriction 
of Si + i to Jf +1 vanishes, which in turn implies the injectivity of the mentioned 
morphism Jj+i — > Kcr(<5 2 ;). 

For each i G Nq, let us now consider the map Jj + i — > k ®a Ker(<y given by the 
composition of J; + i — > Ker(Si) and the canonical projection Kcr(Jj) — > fc® y 4Ker(<5 i ). 
We claim that this composition is in fact injective if i is even. This can be proved 
as follows. By the comments at the end of Section |2j we know that the mentioned 
map is in fact an isomorphism for i = (and also for i = 1). We shall suppose thus 
that i > 2. As before, the mentioned map can be decomposed as the direct sum of 
the corresponding maps of the form J? +1 — > k ®a (Ker(Jj) PI (A ® J/)), for s E S. 
Hence, it suffices to prove the injectivity of each of these components. Since i is 
even, the image of the map J?, x — > Ker(di) n (A ® J?) is contained in V ® Jf, so 
one sees that the kernel of Jf +1 — > k >S>a (Ker(<5j) n (A ® J?)) vanishes if and only if 
J/ n Ker(#i) = 0, which follows from the previous paragraph. 
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On the other hand, if i > 3 is odd, we may state the following fact about the 
map Jj_|_i — > k <E>a Ker(<5;). We know that it can be decomposed as the direct sum 
of the maps of the form J/ +1 -> k ®a (Ker(<5j) n (A ® J?)), for s G S. It suffices 
thus to analyse each of these components separately. For i odd, the image of the 
map J? +1 -> Ker(5j) n (yl ® J?) is now contained in s-1 ' (8 J?, so one sees that 
the kernel of J? +1 — > k <gu (Ker(£,) n ® J?)) is nontrivial if and only if there 
exists t < s — 2 such that (V^ ® Jf ) n Ker(<5j) 7^ 0, which is equivalent to say 
that the graded vector space k <8>a (Ker(£j) n (A ® J?)) has nontrivial homogeneous 
components of degree strictly less than n s (i + 1). 

This proves the following result. 

Lemma 3.11. Let A be an S -multi-homogeneous algebra, with space of relations R = 
® seS Rs, R s C V^ s \ and S a finite subset o/N> 2 , and let (K(A).,S.) be its left multi- 
Koszul complex. Given i G No, the map of graded vector spaces J i+ i — > Ker(<5j) given by 
the restriction of 5i+\ is injective. Consider now the map of graded vector space given by 
the composition of the previous morphism and the canonical projection Ker(<5;) — > k ®a 
Ker(Si). If i is even or i = 1, it is injective, and if i is odd and i > 3, it is injective if and 
only if the graded vector space k ®a (Ker(J,) n (A ® Jf)) has no nontrivial homogeneous 
components of degree strictly less than n s (i + \),for all s e S. 

The corresponding formulation of the lemma for the right multi-Koszul com- 
plex of A is obvious, and we shall refer to the lemma whether we are considering 
the left or the right version. We may use the previous lemma in fact to prove the 
first main result of this section (cf. 0, Prop. 3): 

Proposition 3.12. Let A be an S -multi-homogeneous algebra with space of relations R = 
(BsesRsf Rs C V^ S K and S a finite subset of N>2- Then A is left (resp., right) multi- 
Koszul if and only if there is an isomorphism of graded vector spaces Tor^(A:, k) ~ J,,/or 
all i e No- 

Proof. We shall prove the statement for the left multi-Koszul property, since the 
right one is analogous. Moreover, we will only show the "if" part, since the con- 
verse follows immediately from the minimality of the (left) multi-Koszul complex. 

Assume the existence of the isomorphism of graded vector spaces in the state- 
ment. We will prove that the left multi-Koszul complex is in fact a minimal pro- 
jective resolution of the trivial left A-module k. In fact, we will show that K(A), 
is a minimal projective resolution of k up to homological degree i, for all i G N. 
Since the former coincides with such a minimal projective resolution up to homo- 
logical degree 2, we suppose that the statement is true for i > 2. By the com- 
ments on the construction of projective covers in Section [2] and the assumption 
Tor^ (k,k) ~ Ji+i, there is an essential surjective morphism of graded A-modules 
hi : A <E) Jj_|_i — > Ker(^i) inducing an isomorphism Jj + i — > k <3a Ker(£j). We will 
consider two cases. If i = 2, the previous lemma tells us that the composition 

J 3 Ker(<5 2 ) -» k ®a Ker(5 2 ), 

where the first map is the restriction of S3, is injective. Hence, the composition 
of this map with the inverse of lfe ®a ^2 is an injective endomorphism of graded 
vector spaces of J3, so an isomorphism, since the latter has finite dimension. This 
in turn implies that ^3 is in fact a projective cover of Kcr(<$2) by Lemma [2.21 

We now assume that i > 3. In this case, since the morphism Si is a direct sum 
of its components A® J? — s- A ® J/_ l7 for each s e S, we see that the projective 
cover of Kcr(^) is the direct sum of the projective covers of each component A ® 
J? — > A® J/_i, for s G S, i.e. it is the direct sum of the graded free A-modules 
A ® k ®a (Ker(£j) n (^4 ® Jf)), for s G S. By induction on s we easily see that, 
for all s G S, the graded vector space k ®a (Ker(<5j) n (A <g> Jf )) has no nontrivial 
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homogeneous components of degree strictly less than n s (i + 1) and contains Jf +1 , 
so by the assumption on the Tor group it coincides with J? +1 . We may now proceed 
as in the case i = 2, since by the previous lemma the composition 

J l+ i ^ Ker(£j) -» k ®a Ker (Si), 

where the first map is the restriction of <5j+i, is injective. Hence, the composition 
of this map with the inverse of 1^ ®a hi is an injective endomorphism of graded 
vector spaces of Jj+i, so an isomorphism, since the latter has finite dimension. This 
in turn implies that 5i+i is in fact a projective cover of Ker(<5j). The proposition is 
thus proved. □ 

We have thus the following direct consequence. 

Corollary 3.13. Let A be an S -multi-homogeneous algebra with space of relations R = 
(BsesRsr R s C V( s \ and S a finite subset of N>2- Then, A is left S-multi-Koszul if and 
only if it is right S-multi-Koszul. 

By the previous result, we shall usually say that an algebra A is left 5-multi- 
Koszul, right 5-multi-Koszul, 5-multi-Koszul or simply multi-Koszul indiscrimi- 
nately. 

We may restate the previous results in a slightly different manner. Consider the 
fc-linear endomorphism of T(V) given by 

• r(l) = 1, 

• t(w\ ®W2®---® w n ) = w n (g> • • • ® U>2 <8> W\, 

for wi, ■ ■ ■ ,w n s V and n > 1, which is an anti-isomorphism of algebras, so it 
induces an algebra anti-isomorphism 

T '. A. ¥ — ; rr - := j4 . 

(r(R)) 

In other words, it induces an isomorphism between the (usual) opposite algebra 
A°v of A and A° = T(V)/(t(R)). 

If the relation space R satisfies the minimality condition, then the relation space 
t(R) also satisfies it. We shall say that A° is the opposite S -multi-homogeneous algebra 
of A. 

Corollary 3.14. The algebra A° is S -multi-Koszul if and only if A is S-multi-Koszul. 

Proof. It is an immediate consequence of Corollary l3.13l □ 

We now have the following immediate consequence of Proposition ^ . 1 2 l and the 
isomorphism (|2.1b for the Yoneda algebra of a multi-homogeneous algebra. 

Proposition 3.15. For an S -multi-homogeneous algebra A with space of relations R = 
(BscsRs, R s C V^ s \ and S a finite subset o/N>2, the following statements are equivalent: 

(i) A is multi-Koszul, 

(i) £xt\(k, k) ~ J*, for all i e N . 

We note that the multi-Koszul resolution for a multi-Koszul algebra A is com- 
posed of finitely generated projective A-modules, for each vector space J; is finite 
dimensional, so, by the comments at the end of Section|2j there is a canonical iden- 
tification £xt A (k, k) ~ Ext^(fc, k). 

We want now to relate the multi-Koszul property of an multi-homogeneous 
algebras with the generalized Koszul property of some associated homogeneous 
algebras. We will need the following auxiliary result in the sequel. 
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Lemma 3.16. Let Abe a nonnegatively graded connected algebra, I C A >0 be a homoge- 
neous ideal, and 

be a sequence of graded (left) A-modules satisfying that f o g = 0. If the sequence 

(A/ 1) ® A L lA ^ 9 {A/ 1) ® A M lA ^ f (A/ 1) ® A N 
is exact, then the former sequence is also exact. 

Proof. We only need to prove that Kcr(/) C lm(g), since the other inclusion follows 
from fog = 0. Moreover, it is also clear that it suffices to show that each homo- 
geneous component Kcr(/) is included in lm(g), for the morphisms are homoge- 
neous of degree zero. Let m G M be a homogeneous element such that f(m) = 0. 
This implies that (1a/ i <8> /)(1 ® rri) = 0. We shall prove that there exists I 6 L such 
that g(l) = m. 

The exactness of the second sequence tells us that there exists I G L (homo- 
geneous and of the same degree as m) such that (1a// ® <?)(1 ® = 1 ® m, i.e. 
I ® (m — g(l)) = 0. Let M' be the (left) A-submodule of AI generated by m — g(l). 
Notice that M' is bounded below, for m — g(l) is homogeneous. Hence, we get that 
(A/I) ® A M' = 0, and, therefore, 

k ® A M' = (A/A >0 ) ®a M' = (A/A >0 ) ® A /i (A/I) ® A M' = 0. 

By the Nakayama Lemma it must be AI' = 0, so m = g(l). The lemma is thus 
proved. □ 

We shall now state the second main result of this section. As usual, r-pdim^ (M) 
will denote the projective dimension of the right A-module M. 

Theorem 3.17. Let A = T(V)/(R) be an S -multi-homogeneous algebra with space 
of relations R = (B S £sR s , R s ^ V^ s \ and S a finite subset of N>2- We denote by 
A s = T(V)/(R S ) the associated s-th homogeneous algebra. The following conditions are 
equivalent: 

(i) A is multi-Koszul. 

(ii) For each s £ S, we have that A s is s-Koszul, r-pdim As (A) < 1, and Ker((5 2 ) = 
© se s(Ker(5 2 ) n (A (g) R s )), where 5 2 ■ A® R ->• A®V is the second differential 
of the left multi-Koszul complex of A. 

Proof. We shall first prove the implication (i) => (ii). Assume that A is multi-Koszul, 
i.e. the multi-Koszul complex K(A), of A is acyclic in positive homological de- 
grees. Since 

Ker(<5 2 ) - lm(S 3 ) = @(Im(<5 3 ) n (A ® R s )) = 0(Kcr(,5 2 ) n (A ® R s )), (3.2) 
ses ses 

we get the last condition of item (ii). 

We will now show that A s is s-Koszul and r-pdim^ s (A) < 1, for each s G S. 
Let s G S be a fixed index. Consider a subcomplex K(A)l of the (nonaugmented) 
multi-Koszul complex K(A). of A, given by K(A)% = A ® J* if • > 2, if (A) 2 = 
K(A). if • = 0, 1, provided with the induced differential of K(A).. It is straight- 
forward to check that the fact that the multi-Koszul complex K(A), of A is acyclic 
in positive homological degrees implies that the subcomplex K(A)l is acyclic in 
homological degrees greater than or equal to 3. Moreover, using d3.2b and the 
exactness of K(A), in homological degree 2 we also get that K(A)% is acyclic in 
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homological degree 2. As a consequence, we conclude that K(A)l is acyclic in 
homological degrees greater than or equal to 2. Using the evident isomorphism 
(K(A) s .,5.\ K(A )i) ^A® As (K(A s ).,S s m ) of complexes of graded (left) A s -modules, 
and Lemma [3.161 we get that (K(A S ),, 6^) is acyclic in homological degrees greater 
than or equal to 2. Since the Koszul complex of an s-homogeneous algebra is 
always acyclic in the first homological degree, we conclude that (K(A s ) m , 5^) is 
acyclic in positive homological degrees, so A s is s-Koszul. 

On the other hand, since A 3 is s-Koszul, (K(A s ) m , 5^) is a minimal projective 
resolution of k in the category of graded A 3 -modules. We recall that for a bounded 
below graded right /^-module M, the minimal projective resolution (P., d,) of M 
in the category of graded right A s -modules is of the form P. = Tor^ (M, k) <g> A s . 
Since A is a bounded below (right) v4 s -module, and (K(A)1,S,\k(a)%) — A ® A s 
(K(A S ),, 51) is acyclic in homological degrees greater than or equal to 2, we con- 
clude that A has a minimal projective resolution in the category of graded right 
yl^-modules of length at most 1, so r-pdim^s (A) < 1. 

We shall now prove the converse implication, i.e. (ii) => (i). Let us suppose 
that for each s G S, we have that A s is s-Koszul, ?'-pdim^ s (^4) < 1 and Kcr(<52) = 
® se s(Kcr((52) fl (A Cg) R s ))- Since A s is s-Koszul for each s, the Koszul complex 
(K(A S ),, S 3 ) is a minimal projective resolution of k in the category of graded A s ~ 
modules. Moreover, the condition r-pdim^ s (A) < 1 together with the previously 
seen isomorphisms (K(A) s .,S.\ K ( A yJ ~ A® A * (K(A s ) m ,S s m ) imply that K( A) s , is 
acyclic in homological degrees greater than or equal to 2, for each s 6 S. Since 
K(A), = ® s£S K(A) s m for • > 2, and S. = ®s & s5.\k(a)>,, for • > 3, we get that the 
multi-Koszul complex is acyclic in homological degrees greater than or equal to 3. 
Finally, the last condition of (ii) and the exactness of K(A) & % in homological degree 
2 for each s e S imply that 

Ker(<S 2 ) = 0(Ker(,5 2 ) n (A ® R s )) = 0(Im(<J 3 ) n {A ® R s )) = Im{5 3 ), 

so K(A) m is also acyclic in homological degree 2. Again, since the multi-Koszul 
complex of any connected graded algebra is always acyclic in the first homological 
degree, we see that (K(A),, 5 m ) is acyclic in positive homological degrees, so A is 
multi-Koszul. The theorem is thus proved. □ 

Remark 3.18. Note that the algebras A s in the theorem may depend on the choice of the 
space of relations R. The abuse of language is however mild, meaning that the statement 
holds for any such choice. Moreover, we could have equivalently considered the projective 
dimension of the corresponding left module structure of A over A s ,for each s G S, and the 
decomposition property for the differential 8' 2 of the right multi-Koszul complex of A. 

Remark 3.19. Theorem \3.17\ and IB1 , Thm. 2.11, tell us that if A is an S -multi-Koszul 
algebra, then, since each A s is s-Koszul, for s e S,we have the distributivity condition on 
the triples {E S ,F S , G s ) and (E S ,F S , {G') s )for n > n s {j + 2), where 

E s = vK»-«»(i)) g, j? ; p s = (R s ) n _ Mj) <g> V {n ° [3) \ for each j e N, 

G s = y( n -n,U+2)+l) g (i? s ) 2s _ 2 y(na(i-2)+l) ! isevm ^ 

(G'Y = V {n ~ n ° ®R S ® V {n ^~ l) \ ifj is odd, 
and the so-called extra conditions 

s-2 

(v {s - 1) ® r s ) n (J2 V U) ®R S ® v 1 '- 1 -*)) c v {s - 2) ® J|. 

j=o 

We shall analyse this in more detail in Section |5) for the special case of an algebra with 
relations in two degrees. 
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Let A = T(V)/{R) be a multi-Koszul algebra. As before, we also denote by 
A s — T(V) I (R s ) the associated s-th homogeneous algebra, which is Koszul by the 
previous theorem, and we consider the canonical surjective morphisms of graded 
algebras tt s : A s — s> A, for s £ S. This allows us to consider any A-module as an 
A s -module. We furthermore consider the surjective morphisms of graded algebras 
Ps : T(V) -> A s . 

Let us denote if : J? — > Ji the canonical injection of vector spaces. We recall 
that the (left) multi-Koszul complex of A is written as K(A), = (A ® J,, 6,),>o, 
and analogously, the (left) Koszul complex of A s is written as K(A S ), = (A s ® 
J»> ^.)»>o- They are considered as augmented complexes if furthermore K(A)_x = 
k and K(A s )_i = k, for all s £ S, respectively, and in fact Sq : K (A), —> k is a 
minimal projective resolution of k in the category of graded (left) A-modules, and 
for each s £ S, Sq : K(A S ), —> k is a minimal projective resolution of k in the 
category of graded (left) A s -modules. 

It is well-known that the Koszul complex of the tensor algebra T(V) is of the 
form K(T(V)) = T(V), K(T(V))-l = T(V) ® V and K{T{V)). = 0, if • > 2. 
The morphism d\ : K{T{V))\ — > K(T(V))o is given by the restriction of the 
multiplication of T(V). It is considered as an augmented complex if furthermore 
K(T(V))-i = k, giving a minimal projective resolution in the category of graded 
T(l/)-modules via d : K{T(V)) -> k defined by the augmentation of T(V). 

In what follows, given a connected nonnegatively graded algebra A, E{A) = 
Ext^(fc, k) will denote the associated Yoneda algebra. It is also a connected nonneg- 
atively graded algebra with the cohomological degree • and the Yoneda product. 

For each s £ S, the morphism ir s induces in turn the following morphism 
11^ : K(A S ), -> K{A), of complexes of (left) A s -modules defined by II* = tt s <g) i s .. 
It is straightforward to check that it commutes with the differential, and in fact 
it commutes with the augmentation if we define TL ! L 1 = 1^. This in turn induces 
a morphism p s : Hom^a (K(A) m , k) — > Hom^a (K(A S ),, k) of complexes of vector 
spaces (the differentials are zero by minimality of the resolutions, (cf. IfTTI , Exp. 
15, Prop. 10, or J6), Prop. 2.4). Notice that there are canonical isomorphisms 
Rom. A s{K(A).,k) = Rom A {K(A).,k) ~ Ext' A (k, k) and also Rom A (K(A).,k) ~ 
J*. Analogously, we have (J*)* ~ Hom A s (K(A s ).,k) ~ Ext^ s (fc, fe). In this fash- 
ion, we also write p s : Ext^(fc, k) — > Ext^ s (k, k) for the corresponding morphism 
of graded vector spaces (with the cohomological degree). By using the previous 
identification, we see thatp s = ©.eN ( t ^)*/ so it is surjective. 

We claim that in fact the previous morphisms p s are also compatible with the 
Yoneda product, so they induce morphisms of graded algebras. This follows from 
the fact that the product for the Yoneda algebra of a connected graded algebra B 
is induced by the (unique up to homotopy) morphism of augmented complexes 
A.(B) : K(B). -> K(B). ® K{B). lifting the identity k -> k ~ k ® fc, for 
K(B), the augmented complex associated to a projective resolution of the (left) £?- 
module k, by the formula a U /3 = (a /3) o A. (5), for a, (3 homogeneous cocycles 
of Horns {K(B) tl k) representing cohomology classes in Ext^(fc, k). If the projec- 
tive resolution K(B), is minimal, the identification HomB(K(B) m , k) ~ Ext' B (k, k) 
even simplifies the treatment. In the previous case, by the Comparison Theorem 
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2.2.6 and Porism 2.2.7 in 112711 , we may conclude that the following diagram 
K(A S ). »- k 

K K{A S ). ® K{A S ). 



K(A). 



K(A).®K(A), 



commutes up to (unique) homotopy, where A. = A. (A) and A s = A,(A S ). This 
immediately implies that p s is compatible with the Yoneda product. 

In the same manner, for each s G 5, the morphism p s induces a morphism : 
K{T{V)). -)• K{A S ). of complexes of (left) A s -modules defined by = p s <g> 1, 
if • = 0, 1, and zero for • > 2. Again, it is clear that it commutes with the differ- 
ential, and in fact it commutes with the augmentation if we define Ft i = Ifc- It 
induces a morphism q s : Hom T (y) (K (T(V)),, k) — > Hom T ^y ) (K(A s ),, k) of com- 
plexes of vector spaces (the differentials are zero by minimality of the resolutions). 
There are canonical isomorphisms Rouit(v)(K(A s ),, k) = Hom^ (K (A s ),, k) ~ 
Ext^.,(fc,fc) ~ (J. s )* andEom T{v) (K(T(V)).,k) ~ Ey:t' T{v) (k,k) ~ k* © V*, where 
V* sits in cohomological degree 1 and k* in cohomological degree zero. Hence, we 
may also write q s : Ext^ s (fc, k) — > Ext^y-^fc, k) for the corresponding morphism 
of graded vector spaces (with the cohomological degree). By the previous iden- 
tifications we see that q s is given by the projection on the cohomological degrees 
less than or equal to 1, so it is surjective. By the same argument as before (or just 
regarding the explicit formulas for the Yoneda product given in Proposition 3.1 of 
H) we see that q s is a morphism of graded algebras. 

Remark 3.20. Note that in fact the Yoneda algebra is a functorial construction, where 
the definition on the morphisms is as follows (we refer to 1211 , specially Chapters 1 and 
3). Given any morphism of (augmented) algebras A — >• A', it induces a morphism of 
differential graded coalgebras between their bar constructions B{A) — > B(A') (induced 
by the cofreeness property ofB(A) and the map of graded vector spaces B(A) —> A' given 
by the composition of the canonical projection B(A) — > A and of A — > A'), so by taking 
graded duals we obtain a morphism of differential graded algebras B(A')# B(A)#, 
which in turn induces a morphism of graded algebras H m (B{A')#) — > H*(B(A)#), i.e. 
a morphism E(A') — > E(A), since the Yoneda algebra of A (resp., A') coincides with 
H'(B(A)*) (resp., H'(B(A')*)). 

In particular, the morphism tt s : A s —> A always induces a morphism of differential 
graded algebras n s : B(A)# —> B(A S )#, so a morphism of graded algebras E{A) — > 
E(A S ), and we may check that it trivially coincides with the morphism induced by the pre- 
viously seen map II s , by constructing comparison morphisms from the minimal projective 
resolutions to the corresponding reduced bar complexes. The same applies to the morphism 
p s : T(V) — > A s , the induced morphism of differential graded algebras F s : B{A S )# — > 
B(T(V))# and the consequent map E(A S ) —> E(T(V)). Note also the commutativity 
F s o n s = F s i o n s /,/of- all s, s' g S. 

Even though we may have used these constructions to prove all the previous results, 
it is however useful to have the explicit form of the maps induced on the Yoneda algebras 
coming from the minimal projective resolutions in order to prove the next proposition. 

By the explicit expression of the previous morphisms, it is trivial to check that 
q s op s = q s , op s ,, for all s, s 1 G S. Let us denote E the inverse limit of the diagram in 
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the category of graded algebras given by {q s : E{A S ) -» E(T(V)), for s G S}. By 
the universal property of E, and the aforementioned commutativity there exists 
a unique morphism of graded algebras L : E(A) — > E. However, by the explicit 
expression of the morphisms p s , for s G S, it is easy to see that E(A) is the in- 
verse limit in the category of graded vector spaces of the system {q s : E(A S ) —> 
E(T(V)), for s G S}. Since the forgetful functor from the category of graded alge- 
bras to the category of graded vector spaces preserves inverse limits, E is also an 
inverse limit in the category of graded vector spaces, so a fortiori the morphism i 
is bijective, and hence an isomorphism of graded algebras. This implies the next 
result. 

Proposition 3.21. The algebra E(A) of a multi-Koszul algebra A is the inverse limit in the 
category of graded algebras of the system given by {q s : E(A S ) — > E(T(V)), for s G S}. 

Remark 3.22. By the previous result and the explicit characterization of the algebra struc- 
ture of the Yoneda algebra of a generalized Koszul algebra given in Proposition 3.1 of ll9i 
we easily get the Yoneda product of the algebra E(A)for a multi-Koszul algebra. 

Again, using the explicit expression of the morphisms p s , and Theorem 4.1 in 
ATI , we also obtain the following consequence. 

Corollary 3.23. The graded algebra E(A) of a multi-Koszul algebra A is generated by 
E X (A) = Ext\(k, k) and E 2 (A) = Ext^(fc, k), i.e. it is Ki {in the sense ofCassidy and 
Shelton). 

Remark 3.24. Contrary to what happens for homogeneous algebras (see f\7\ . Thm. 4.1), 
the converse of the previous corollary does not hold in the case of multi-homogeneous alge- 
bras (e.g. see the algebra B in |Tl2l , which is not {2, 3}-multi-Koszid). 

Remark 3.25. We may also use the previous results to obtain a description of the A^- 
algebra structure of the Yoneda algebra of a midti-Koszul algebra as follows (we also refer 
to 12T1 ). By the commutative relation stated at the end of Remark \3.20\ there exists a map of 
differential graded algebras from B(A)* to the inverse limit in the category of differential 
graded algebras of the system given by {F s : B(A S )* — > B(T(V))* , for s G S}. More- 
over, by Proposition ^. 211 it is in fact a quasi-isomorphism of differential graded algebras, 
so it induces a quasi-isomorphism of Aoo-algebras from E(A) to the A^-algebra given by 
the cohomology of the inverse limit in the category of differential graded algebras of the sys- 
tem {F s : B(A S )* ->• B(T(V))*, for s G S}. On the other hand, using the Merkulov's 
procedure to obtain a canonical A^-algebra structure on the homology of a differential 
graded algebra (see 11231D , it is trivial to see that we may choose the higher multiplications 
of the inverse limit such that m n {ai ® • • • ® a n ) = if there are indices 1 < i ^ j < n 
satisfying that at G E di (A s ) and aj G E dj (A s ) for s s' and d i: dj > 1. Further- 
more, the restriction of the higher multiplication m n of E(A) to each E(A s )® n is given 
by the corresponding Merkulov's construction of the higher multiplication of E(A S ), for 
each s G S. By ||T9] , Thm. 6.4 and 6.5, we get that the A^-algebra E(A) is generated 
in degree 1, and we may in fact choose the higher multiplications such that m n vanishes if 
tj^SU {2}, and m s = m s \ E ^)» s ,for s G S\ {2}, is given by the usual expression for 
the case of generalized s-Koszul algebras given in the second of the mentioned theorems. 

4 Multi-Koszul bimodule resolutions 

In this section, we shall construct a minimal projective resolution of a multi-Koszul 
algebra A in the category of (graded) A-bimodules, adapting the ideas of ||5l (see 
also |9|), which is useful to compute its Hochschild (co)homology. 



18 



As usual, we consider A to be an S-multi-homogeneous algebra, for a finite 
subset S C N>2- We will denote the abelian category of Z-graded left bounded A- 
bimodules with degree preserving bimodule morphisms by C. Let A e = A ®k A op 
be the enveloping algebra of A. It is well-known that C is naturally isomorphic to 
the category of Z-graded left bounded left A e -modules, so we can use the results 
and notations of Section|2]for the graded algebra A e . 

If s G S, we will denote 

m — s 
3=0 

if m > s, and Jf n = V^ m \ if < m < s. Notice that J? = J* for all i e N and 
s G S. 

For s G 5 and i > we consider the left A-module KL, s (A)i = A® Jf and the 
yl-linear morphism (6L, s )i ■ KL,s(A)i — > KL, s (A)i-i induced by a ® v\ . . . Vi — > a ■ 
Vi®V2 . . . Vi. It is clear that (<5l, s ) s = and then (Kl. s (A),, (Sl, s )») is an s-complex. 
Analogously, we consider the s-complex (Kr iS (A),, (<5r iS ).), where Kn >s (A)i — 
J? 8> A, and where the differential (£r )S ), : K RtS (A)i -> is induced 

by Vi . . . vi ® a — > Vi . . .v 2 ® v\ ■ a. We define Kl-r,s(A), as Kl, s (A), ® A — 
A ® K RiS (A),, which can be regarded as an s-complex of bimodules either with 
differential S' L s = 6l, s ® 1a or S' R s = Ia ® S RyS . Note also that <5^ s and <5^, s 
commute. 

We now consider the complex of A-bimodules (Kl-r(A),, (Sl-r),) defined as 
follows. We set K L - R (A) = A® A, K L ^ R (A) 1 = A (g) V (g) A, and K L - R (A)i = 
sg s KL,s{A) ns (i) <g> A, for i > 2, together with the differential defined as 

follows: (<5i_R)i(^j Q!j ® Vj ® a'-) = X)j( a J u j ® a j _ a J ® u i a j')/ ror u i e ^ an d 
Oj, G A, and, for i > 2, we set (5 L ^ R ) l = J2 s es(^L-R,s)i, where 

! 5 L, 8 - 5 fl jS! if i odd, 

E^,.) 4 ^.)^- 1 -^, even. 
i=o 

It is clear that ° {Sl-r)i = 0, for i > 0, so is indeed 

a complex of pure projective A-bimodules. It can be regarded as an augmented 
complex for the augmentation (Sl-r)o ■ Kl-r(A)o — > A given by the product of 
the algebra. It is called the muti-Koszul bimodule complex of A. 

Theorem 4.1. Let A be an S -multi-homogeneous algebra with space of relations R = 
(BsesRs, Rs C V( s \ and S a finite subset of N>2- The augmented multi-Koszul bimodule 
complex 

► K L _ R (A) 2 (4 ^ )a K L _ R (A)i K L _ R (A) ( ^ )o A (4.1) 

is exact if and only if A is multi-Koszul. 

Proof. We suppose that A is multi-Koszul. Applying the functor (— ) <S>a k to (I4.lt , 
we obtain the (augmented) complex (K(A) m , <$.), which is exact when A is multi- 
Koszul. Since the A-bimodules Kl-r{A)i are graded-free and left bounded for all 
i G No, Lemma [3.16 l implies that the complex l|4.1t is exact. 

Assume now that (|4.1 b is exact. Let us denote by C R the abelian category of 
Z-graded left bounded right A-modules. Since (|4.H is exact, it is a projective res- 
olution of A in C R , so, taking into account that A is projective in C R , the complex 
(|4.H is homotopically trivial as a complex of objects of graded right A-modules. 
Therefore, its image under the functor (— ) ®a k is a fortiori homotopically trivial 
(as a complex of vector spaces). Since this image is the left multi-Koszul complex 
of A, it is exact in positive degrees, so A is multi-Koszul. □ 
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Remark 4.2. If A is multi-Koszul, since there is an obvious isomorphism of complexes of 
the form k (gj^e Kl-r(A), ~ k ®a K(A)„ having in fact vanishing differential, by the 
comments in the antepenultimate paragraph of Section\2\it follows that the complex (|4.1b 
is a minimal projective resolution of A in C. 

Using the previous complex, since the Hochschild homology groups HH, (A) 
are isomorphic to Tor^ (A, A) (for k is a field), we see that HH,(A) may be com- 
puted by H,(A Kl-r(A),, 1a ® (Sl-r)»)- In the same way, the Hochschild 
cohomology groups HH'(A) are isomorphic to Ext^ e (A, A), so HH'(A) can be 
computed from H m (Hom A - (K L _ R (A)„ A), Uom((5 L - R )., 1a))- 

5 Multi-Koszul algebras for relations in two degrees 

In this section, we concentrate on the special case of having relations in only two 
degrees. We will find necessary and sufficient conditions on some sequences of 
vector subspaces of the tensor powers of the base space V to obtain the multi- 
Koszul property, in an analogous manner as the case of (generalized) Koszul alge- 
bras done by Berger. As expected, several of the subspaces analysed and the condi- 
tions involved were already considered by Berger, but new sequences of subspaces 
satisfying more involved conditions are introduced in order to obtain the multi- 
Koszul definition. This section is somehow long and rather tedious, which seems 
to be unavoidable to us, since it includes all detailed computations and analysis of 
the mentioned lattices, but their importance justifies in our opinion the extension. 

5.1 Preliminaries 

We shall proceed as follows. After some preliminaries, we will analyse the con- 
struction procedure of a minimal graded projective resolution of the trivial A- 
module k. The description of the successive kernels of the differentials in this res- 
olution will lead us to several "naturally occurring" sequences of vector subspaces 
of tensor powers of V, and we will impose necessary and sufficient conditions on 
these lattices to get the multi-Koszul property on the algebra A. The situation is 
summarized in Theorem l5.15l We advice the reader that we will use the results of 
Section 2, specially the ones concerning the construction of projective covers and 
minimal projective resolutions of bounded below graded modules. 

Next, we state an easy lemma concerning vector spaces that will be used in the 
sequel without much mention. 

Lemma 5.1. Let V and W be vector spaces such that V is nontrivial. IfV®W = 0, then 
W = 0. Also, ifW and W are subspaces of the vector spaces V and V, respectively, then 

(W <g> V) n (V ® W) = W (g> W. 

From now on, we fix two integers a and b such that 2 < a < b, R a and Rb 
subspaces of V( a > and V^ b \ respectively, and R — R a (B Rb- We also assume that R 
satisfies the minimality condition Il3.lt which implies that k <8>t(v) (R) — Ra ® Rb 
as graded vector spaces. The two-sided ideal / = (R) generated by R in the tensor 
algebra T(V) is given by / = © neZ I n , where: 

/„ = 0, if n < a, 



n—a 




if a < n < b, 



n—a 



n — b 



In = V<J) ® R a® V { 



n—a— j 



} + v(h) ®Rb® V {n - b ~ h) , if b<n. 
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We recall the fact already stated at the end of Section [2] that for any nonnega- 
tively graded connected algebra A — T(V)/(R), where V ~ A >0 /(A >0 • A >0 ) is 
a vector space spanned by a minimal set of (homogeneous) generators of A, and 
R is a space of relations of A, the minimal projective resolution of the trivial (left) 
A-module k begins as 

where 62 is induced by the usual map a (8 v\ . . .v n n> av\ . . . w„_i <E) v n . As pre- 
viously explained we will deal with the case where V is concentrated in degree 1 
and where R is concentrated in degrees a and b. 

We also recall the definition of the following vector spaces, both concentrated 
in degree n, 

n—a 

Jn= H ®Ra®V {n - a -l\ 
3=0 
n — b 

j b n = p| v (j) ®R b ®v( n - h -i\ 

j=o 

Notice that J h m n (^(™-«) ® J£) = 0, for all m > n, by the minimality condition on 
R. 



for 71 > a, 



for n > b. 



5.2 Description of Ker(<5 2 ) 

It follows easily from the definition of the map 82 that the n-th homogeneous com- 
ponent of its kernel is 

Kcr(5 , = ®Rg® y( n - b i ® Rb) n (j n _! g v) 

I n -a ®Ra® In-b ® Rb 

where the direct sums appearing in the right member are due to the minimality 
condition on R a (B Rb- Then 

(Ker(5 2 )) n = if n < a and (Kcr(<5 2 )) Q+1 = J Q a +1 , 

so there is an injection J^ +1 c -t k ®a Ker(<5 2 ) of graded vector spaces, and thus the 
projective cover of Ker((5 2 ) should include A ® J° +1 , and furthermore, by Lemma 
13.111 it should also include A ® J^ +1 . It may also include other s-pure modules. We 
shall now analyse this situation in more detail. 

It is straightforward to see that for n = a + rn with 2 < m < min{a — 1, b — a} 

7/1 1 

(Ker(<5 2 ))„ = (V< m > ® R a ) n ( ^ V U) ®Ra® V^ m ~^) 2 <8 J a a +1 . 

i=o 

Then, for the same indices as before, we have that (Kcr(<5 2 ))„ = A m -\ • J^+i if and 
only if 

m — 1 

(y (m) ® # a ) n ( yU) ® R a® V^ 1 '^) = V^ l) g> J° +1 , (5.1) 

3=0 

where as usual the dot denotes the action of the ring A on (Ker(i5 2 )) a+ i = J° +1 . 

Note that if J5. 1 D holds for m = a — 1, then for 2 < m < a — 1 and 2 < i < m — 2, 
we have that 

m — 1 
j—m—t 
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By Lemma [5TTJ we get (|5TT) for 2 < m < a — 1. 

For n = a + i = fr + /i with 1 < /i < 2a — 6 — 1, (Ker(#2))n is equal to the image 
under the map T(V) © i? ->■ A © R of 

t-1 h-1 

[(v (t) ® i? a ) © © jzj)] n ( ^ © i? a © v (t " j) + 51 ® ® v £fc - J ">) , 

3=0 j'=0 

which contains (V^'" 1 ) © J« +1 ) © (yC* 1 " 1 ) © J b 6 +1 ). Notice a gain that the last sum 
is direct by the minimality condition on R and Lemma [5. 11 
Consider now the following relations 

l-l 

(y w ®R a )n(J2 V {j) ® i?a © 

h-1 

{v {h) © R b ) n ( J2 y {J) ®Rb® v {h 

3=0 

With similar arguments as before, the second equation of I l5.2t holds for 2 < h < 
b — 1 whenever it holds for h = b — 1. The relations (15. 2t for i = a — 1 and h = b — 1 
will be called exfra conditions and will be abbreviated by e.c. Note also that the 
equality in the previous identities is clearly seen to be equivalent to the inclusion 
of the left members inside the right ones. 

The following standard definition will be generalized afterwards (cf. 12511 , Ch. 
I, §4, Axiom 6). 

Definition 5.2. Given t <s N, a sequence (E, Fi, . . . , F t ) ofsubspaces of a given vector 
space is said to be distributive if 

3=1 3=1 

Notice that the inclusion of the right member inside the left one always holds. 

Proposition 5.3. The ex. hold if and only if for 2 < m < a — 1 and 2 < h < b — 1 the 
triples 

m — l 

(V^ © R ai R a © W TO >, V U) ®Ra® y (m ~ j) ), 

3=1 
h-1 

(V {h) © R b , R b © V {h) , J2 V U) © Rt © V {h - j} ) 

3=1 

are distributive and there are inclusions 

{V {m) © Ra) fi (R a © V {m) ) C V (m - 1] © i? a © V, 

{V {h) © n [R b © y (/l) ) c y^ 1 ' © Rb © v. 

Proof. The proof is the same (for each degree a and b) as the one given for homo- 
geneous algebras in O, Prop. 2.5. □ 

Lemma 5.4. For 2 < m < a — 1 and 2 < h < b — 1, the inclusions 

(v {m) © i? a ) n (R a © y (m) ) c yt™- 1 ) © i? a © y, 
(v (h) © i? h ) n (i? 6 © v w ) c yC 1 - 1 ) © i? fc © v 



-.'))= y(^-l) j6 +i . 



(5.2) 
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hold if and only if the equalities 

(v^ ® R a ) n (R a ® v^) = J a a+ml (V™ ® i? b ) n (i? b ® v™) = J h b+h 

are satisfied. 

Proof. The proof is the same (for each degree a and 6) as the one given for homo- 
geneous algebras in [|5;j, Lemma 2.6. □ 

Definition 5.5. Given t, t' e N, a tuple (E, E', F±, ■ ■ ■ ,F t ,G\, - ■■ , Gf) ofsubspaces of 
a given vector space is said (t, i')-bidistributive if E D E' = and 

t t' t t' 

(E®E')n(j2 F i + E G ?) = E( E n F i) © E ( E ' n 
j=i j'=i j=i j'=i 

T/ze Zflst identity may be replaced by the equivalent condition given by the inclusion of the 
left-hand member in the right one. Note further that (E, E', F\, ■ ■ ■ ,F t ,Gi,--- , Gf) is 
(t, t')-bidistributive if and only if (E' , E, G\, ■ • ■ , Gf,F\, ■ ■ ■ ,F t )is (i', t)-bidistributive. 

We have the following simple characterization of the bidistributivity property. 

Lemma 5.6. Given a sequence (E, E', F±, ■ ■ ■ ,Ft,G\, - ■ ■ , Gf) of subspaces of a fixed 
vector space satisfying that E n E' = 0, it is (t, t')-bidistributive if and only if the 

triple (£3=1 Fj + £*.', =1 G r ,E,E') and the sequences (E,F\, ■ ■ ■ , F t , G 1} ■ ■ ■ ,G t >)and 
(E', Fi, ■ ■ ■ , F t , Gi, ■ ■ ■ , Gf) are distributive, and there are inclusions 

£ (£ n G r ) c n Fj), n Fj) c £ (e' n G^)- 

j-'=i j=i j=i j'=i 

Proof. Suppose that (£, Fi, • • • ,F t , Gi, • • ■ , G t > ) is (t, i')-bidistributive. By the 
obvious inclusion 

t t' t t' 

E n ( E F i + E G r ) ^ ( E © s ') n (E F i + E G i')> 

3=1 3=1 3=1 j=i 

the bidistributivity property and the fact that E C\ E' = 0, we see that 

t t' t 

^n(E^ + E^") ^E( sn ^)- 

3=1 3=1 3=1 

Since the right member of the first inclusion is trivially included in £* =1 (E(~)Fj) + 

£*■'=! n G j')> we g et the distributivity of the tuple (E, F u ■ ■ ■ , F t , G x , ■ ■ ■ , Gf) 
and also the first of the stated inclusions. The distributivity of the other sequence 
(E 1 , F\, ■ • ■ , Ft, Gi, • ■ • , Gf ) and the second inclusion follow in the same way. It 

remains to prove that the triple (£* =1 Fj + X)*-> =1 Gj',E, E') is also distributive, 
which can be shown as follows. The (t, <')-bidistributive property tells us that 

( E F i + E G r) n ( E + E ') = E(^ n E ) + E n E ')- 

3=1 j>=i j=i j>=i 

By the inclusions stated in the lemma and the distributivity of the two already anal- 
ysed sequences, we have that the right member of the previous identity coincides 
with 

(E^+E^)ns+(E^+E G /) n ^ 

3=1 3=1 3=1 3=1 
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so the distributivity of the mentioned triple follows. 

The converse is immediate. □ 

The following proposition gives an equivalence in terms of the bidistributivity 
and the e.c, to decide when Ker^) is 2-pure in degrees a + 1 and 6+1 satisfying 
that k ®) A Ker(6 2 ) ~ J^ +1 © J b +1 . The purpose will be then to generalize this 
equivalence for the other differentials in the resolution. 

Proposition 5.7. The kernel Ker(5 2 ) is 2-pure in degrees a + 1 and 6+1 satisfying that 
k <g>A Ker(<5 2 ) — J° +1 © J^ +1 if and only if the e.c. hold and, for all n e No (or just for 
n > a), the tuple (E\ E" , F', G', F", G") is (2, 2)-bidistributive, where: 

n — a—1 

E' = V^-^ © R a , G' = J2 v(j) ®Ra®V (n - a - j \ 

j=n — 2a+l 
n— 2a n — a — b 

F' = Y VU) ®Ra® V^-O-fi + Y, V(f) ® R b® V (n - b - f \ 
3=0 j'=0 
n-b-1 

E" = V {n ~ b) © R b , G" = Y yU) ® R b® V (n - b ~ j) , 

j=n-2b+l 
n~a~b n— 2b 

F" = Y VU) ® R a © V (n_a - J J + V<J ' ] ® R b® V^- b - j,) . 

j=0 j'=0 

Proof. We recall that V"' = for j < 0. Notice also that, for n < 6, the bidistributiv- 
ity of (E', E", F', G', F", G") reduces to the distributivity of the triple (E', F', G'), 
where on each subspace all the summands with R b vanish by (tensor) degree rea- 
sons, giving thus similar expressions to the corresponding ones found in |5 1, Prop. 
2.7. 

We shall first prove the "if" part of the statement. Note that we have already 
showed that 

(Ker(($2))n = A m ^i ■ J^ +1 for n = m + a, with 2 < m < min{a — 1, 6 — a}, 

if and only if (I5.lt is satisfied. Fix an integer n > minja, 6 — a + 1}, even though 
the proof also applies to arbitrary n, and suppose that the e.c. and the bidistribu- 
tivity condition on the previous tuple hold. We will use the explicit description of 
(Ker(<52))n for arbitrary n given at the beginning of this subsection. 

We have that (Kcr((5 2 ))„ C A„_ © R a © A n _ b © R b and the subspace 

N„ ={v {n - a) © R a © V {n ~ b) © R b )n 

n—a—1 n— b — 1 

( Y VU) ® R » ® V( n - a - j) + Y ® R b ® V^ 6 ^) 

i=0 j'=0 

satisfies that 

(Ker(fc))n = In _ a ® Ra($In _ b ® Rb - 
Note that (F' © F") n (F' + F" + G' + G") = iV n , and 

E'nF' = /„_ © i? Q , F" n F" = 7 n _ 6 © Ri, 

+1 , f" n G" = v^ n 



F' n G' = v {n - a - 1] © J a a +1 , E" n G" = y^- 6 - 1 ) © j b 



(5.3) 
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where the first two equations are always satisfied and last two hold because of the 
e.c. The kernel (Ker(<5"2))n is then given by 



I n - a ®R a ® In-b © Rb 

_ (I n _„ © i? a + y^"^ 1 ) © J a a +1 ) © (7 n _ 6 © R b + V < - n ~ b ~ r> ® J6 +1 ) 



v(n-6-l) 7 

6+1 



/«-„ © i?a + yt™-"- 1 ) © J^ +1 J„_6 © Rb + V( n ~ b -V © J ; b 



In— a 

© i? a J n _6 © .R& 

y(n-a-l) g Ja +i y(n-&-l) g J6 



" (V(n-a-l) g, ja +l ) n (J n _ © i? a ) (V(»-»-l) © J* +1 ) R (J„_ 6 © i? 6 ) ' 

which is an epimorphic image of 

V (n-a-l) g, Ja +i 7 (n-6-l) g J6 +i 



A„_ a _! © J£ +1 © A n _ 6 _i © J£ +1 . 



6+1 



This follows from the obvious inclusion J„_ s _i© J* +1 C (yC™ -8 - 1 ) © J| +1 )n(7„_ s © 
R s ), for s = a,b. We then conclude that Kcr((52) is 2-pure in degrees a + 1 and 6+1, 
satisfying that fc ©a Kcr(<5 2 ) ~ J" +1 © J£ +1 . 

Conversely we assume now that Kcr((5 2 ) is 2-pure in degrees a + 1 and 6 + 1 
such that fc© A Kcr(5 2 ) ~ J^ +1 © J b fc +1 , so (Ker(<J 2 ))„ = A„_ Q _! • J° +1 ffi^„_ 6 _i • J b b +1 . 
This implies the existence of the following exact sequence 

A © J s s +1 A® R s ^ A®V, 

for s = a, 6, where the last map is induced by 82, and the first one is easily seen 
to be induced by the differential £3 given in the Definition 13 . 1 1 of the multi-Koszul 
complex of A. By Lemma l3.161 this implies that the following sequence 

T(V)/(R S ) © J s s+1 % T(V)/(R S ) ®R S % T(V)/(R S ) © V 

is also exact. We note that the morphisms of the previous sequence are those of the 
Koszul complex of T(V)/(R S ). This implies that Kcr(<5|) is pure in degree s + 1, so, 
by ||5j, Prop. 2.7, the e.c. corresponding to s = a, 6 holds. 

We will now prove the bidistributive condition of the tuples in the statement. 
In order to do so, consider the following commutative diagram 



It 





( © v< n — )®i2.)n(/ n _i®V0 

s—a.b 

© I n -s®Rs 
s—a.b 



The domain of g is the homogeneous component of degree n of A © ( J„ +1 © J^+i), 
its codomain is the component of degree n of Ker((5 2 ) and g is the homogeneous 
component of the projective cover, so surjective by the hypotheses. The horizontal 
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epimorphism follows from the trivial inclusions I n - 3 -i ® J| +1 C (y( n "' s_1 ) ® 
J's+i) n (In- a ® ^s) f° r s = a,b, and the map / is just the canonical inclusion. The 
commutativity of the diagram just follows from the construction of the projective 
cover of a module. The surjectivity of g yields the surjectivity of /, so it gives 
an equality between the domain of / and its codomain. By the e.c, we have that 
the last two identities of (15.36 hold, which together with the equality coming from 
/, imply the (2, 2)-bidistributivity of the respective tuple. The proposition is thus 
proved. □ 

Remark 5.8. Notice that the spaces of the tuple considered in the previous proposition 
depend on n. We will however omit the index to simplify the notation, as in fl5j. 

Remark 5.9. We would like to stress that, contrary to what happens in Proposition 2.7 
in |5l for the case of homogeneous algebras, the hypothesis k <&a Ker(<5 2 ) — Ja+i © Jb+i 
cannot be replaced by the weaker condition Ker(<52) is 2-pure in degrees a + 1 and b + 1 
(see the algebra considered in Example \3$\ . 

On the other hand, even though we may understand the condition k (&a Ker(<5 2 ) — 
•la+i © Jb+i as siting that the obvious morphism from J° +1 © J b b +1 to k ®a Ker(<52) is 
an isomorphism, Lemma \3U\ tells us that we may consider that it states the existence of 
any isomorphism between both spaces, for the vector spaces are finite dimensional. 

Remark 5.10. By Lemma 15.61 the bidistributivity condition on the previous proposition 
implies the following inclusions 

m a -\-a — b — l 

(v (mn) ®J? Q )n( v U) ®R b ®v {m * +a - b - j) ) ^v^-^ ®.J a a+1 + i ma ®Ra, 

j=0 
rrifr + t> — a — 1 

(V (mb) ® R b ) n ( V<J) ®R a ®v {mb+h - a ' j) ) c v^o-v ® Jt+u 

3 = 

for all majmb € N satisfying that b — a + 1 < m a <b — l, and 1 < m,}, < a— 1. Notice 
that the last inclusion would seem more symmetric if we had also written the subspace 
Im h ®R a , which vanishes because I mb = 0. Furthermore, it is easily seen that the previous 
inclusions in fact imply that 

e' n F" cE'nF' + E'n G', E' n G" cE'nF' + E'n G', 
E" nf'c e" n F" + E" n G", E" n G" c e" n F" + E" n G", 

for the vector spaces E' , E" , F' , F", G' and G" defined in the previous proposition. 

We end this subsection by stating a result which is analogous to the one existing 
for homogeneous algebras. 

Proposition 5.11. The e.c. hold for A° if and only if A satisfies its e.c. 

Proof. The proof is the same (for each degree a and b) as the one given for homo- 
geneous algebras in ||5j, Prop. 4.4. □ 

5.3 Description of Ker(5j) for i > 2 

From now on we assume that Kcr(c>2) is 2-pure in degrees a + 1 and b + 1, with 
fciguKer^) ~ j~a+i®Jb+v Moreover, consider as before i5 to be the augmentation 
of the algebra and Si : A®V ^ A to be the restriction of the product of the algebra. 
Given i > 3, suppose that 62, ■ ■ • , <5;-i have been defined in such a way that the 
canonical injections 

9j ■■ Jn aU) © J b nbU} -> Ker^-x) U® (J a na(j -i) © ^(i-i)), f ° r ^ 2<j<i, 
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<** : A ® ( J n ( 4 ) © J n 6 (i)) A ® ( J n„(i-i) © Jb n b {i-i)) be analogously defined 
as the coextension of gi. Furthermore, the recursive procedure yields that, if i > 2, 



induce essential surjections g 3 ■ : A © (J° ^ © ,.,) ~^ Ker(5j-_i), whose coexten- 
sions 4® (J^yj © J^ (j) ) -> -4® © ^ly-i)) are the differentials ^. Then 

© ^(i-x)) maybe £ 
nore, the recursive procedure 

<*i = ^ ® © — > A ® (-^.(i-i) © -^(i-i)) 

is a direct sum of two components 6f © 5^, where Sf : A © J* ,^ — >• A © for 
s = a, b, because each of the morphisms gi satisfies the same property, is induced 
by the map 



av ji ' ' ' v j s ~i ® v j s ■ ' ' v j ns (i) i if i is even, 
avj 1 © Vj 2 ■ ■ ■ Vj n w , if i is odd. 



Remark 5.12. Note that these morphisms are well-defined even considering their domains 

tobeV^- 71 '^) ® js ...,for s = a,b. 

By the previous decomposition of the morphism Si, we have that Ker((5j) = 
s = a ,fe( Ker ( 5 i) n ® ■#.(<)))' where Kcr (^) n © J' #w ) = Ker(<5f ), so we may 
analyse each direct summand separately. Moreover, from the expression of 5? we 
see that 

cKerw)) n = <i " w :?; ( } — 

for n £ No- On the other hand, we may rewrite I n - na (i-i) ® y(™ s ^ -1 ^ as 

n— n s (i — 1) — s 1 
s' —a 7 b j—n—n s (i)— s'+l 

where the first term will be denoted by F s , and the summand corresponding to 
the index s' of the second term will be denoted by G s s , . If we write E s instead of 
y(n-n e (i)) g, js me nume rator of the previous quotient is given by E s n (i 7 ^ + 

+ Gl), for s = a,b. Notice that the spaces considered in the previous paragraph 
depend on n and i. We will however omit the indices to simplify the notation. 

We remark that the decomposition of the morphism <5; immediately implies 
that the projective cover of Ker(5j) is the direct sum of the projective covers of each 
direct summand Ker(5|) for s = a,b. Note that Kcr(<5°)„ = 0, if n < n a (j + 1), 
and that Ker(<5°)„ a ( J+1 ) = Jn a (j+i)' f° r •? — b y Lemma [5741 which is a conse- 
quence of the e.c. This immediately implies that there is an injection of J" 
inside (k ©^ K er (^i))n a (i+i)/ given by the composition of the previous injection 
J® ^ (Ker(5j))„ o y_|_ 1 j and the canonical projection Ker(<5j) — > k ©^ Ker(^), 
for j < i, so the projective cover of Ker(<5j) must include A © J„( i+1 y On the 
other hand, by Lemma [3.111 the composition of the inclusion J^ t u +1 \ ^ Ker(S^) 
with the canonical projection Kcr(<5 l b ) — > k ©^ Ker((^) is injective if and only if the 
homogeneous components (k 0a Ker((^))„ vanish for n < nb{i + 1). 

We remark that the equation 

£7-nf = I n _ n . w ®J- >w (5.4) 

always holds. 

Moreover, the e.c. imply that 

E s n G s s = ® J* (5.5) 
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The proof of this fact is somehow implicit in |5j, so we give a detailed proof just 
for convenience. It suffices to prove the inclusion of the left member inside the 
right one, for the other inclusion is direct. Moreover, note that G s s vanishes for 
n < n s (i+ 1)/ by tensor degree reasons, and the same happens for the right member 
of 115.51 , so it suffices to prove the identity (or the inclusion) only for n > n s (i + 1). 
We start by writing the following trivial identity 

e s n G s s = e s n (F (n ~" s(i)) ®R S ® v (n " {l - 2)) ) n G s s . 

We may consider two cases: i odd or i even. If i is odd, then the sum in G s s consists 
of only one summand, namely ® R s ® yC^M- 1 ), for n s (i - 1) = 

n s (i) — 1. In this case we have that n — n«(i) — s + 1 > 0, because n > n s (i + 1) and 
z is odd. Hence, 

E s nGJ = £ s n (y(™- n *«) ® i? s ® yK(*- 2 ))) n 

= £ s n J"y("--n s (i)-«+i) g, ((y( s -!) g i? s ) n (i? s g y^- 1 ))) <g> y(™=(*- 2 ))) 

= £ s n ® J 2 s s _ 1 (g, y(n«(i-2))^ = ^(n-n^+l)) g J^ (j+1) , 

where we have used in the penultimate equality the identities of Lemma |5~4l which 
hold due to the ex. and Proposition [53] 

We consider now the case i is even. We point out that in this case n— n s {i) — s+1 
may be negative, so the sum is more tedious to handle. In fact, we get that 

£ s nG^E s fl (y(™-"*W) g i? s g yK(i-2))) n 

can be rewritten as 

min— 1 

E s n ^y(Ma X ) g ^y(min) g # s ) n ( ^ ® i? s ® y(™-j))) g y(«a(i-2))^ > 

where Max = max{0, n — n s (i) — s + 1} and min = min{n — n s (i), s — 1}. By the 
e.c, it further coincides with 

E s n Jy(Max) ^ (y(min-l) ^ J. + j ^ y(n,(i-2))\ = F («-„ s (i+l)) J^ (j+l); 

and the claim is proved. 

Finally, for a couple (s, s') of different elements in {a, b}, and max{0, s'— s+1} < 
m < s' — 1, we define the following intersection 

m+s— s — 1 

(y (m) ® i? s ) n ( 5^ y (j) ®.R a , ®y( m+s - fl ' -•»')), (5.6) 

that will be denoted by X s s ; m . 

We claim that we have the following inclusion 

E s n G s s , c s s n (y( Max ') g x s s ; min ' $ y(»*(*- 2 ))) , ( 5-7 ) 

which is in fact an equality for i even, where Max' = max{0, n — n s (i) — s' + 1} and 
min' = min{n — n s (i), s' — 1}. If i is odd the corresponding equality should be 

e s n G s s , =E s n ^v"(«-».W-*'+i) g ((y^'- 1 ) g i? s ) n (i^ g> v {s - 1) )) ® y(™=(^ 2 ))) . 

(5.8) 
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The proof is parallel to the previous one, but we sketch it for completeness. We 
remark that G s s , vanishes for n < n s (i — 1) + s', by tensor degree reasons, so it 
suffices to prove the inclusion (and the equality if i is even) only for n > n s (i — 1) + 
s'. 

The first step is to write 

e s n Gy = e s n (v {n - ns{i)) ® i? s ® i/(™^- 2 ))) n G*,. 

We now consider two cases: i odd or i even. If i is odd, then the sum in G s s , consists 
of only one summand, namely ® r s , ® f or ^ - 1) = 

n s (i) — 1. In this case we also have n — n s (i) — s' + 1 > 0, because n > n s (i — 1) + s' 
and i is odd. So, E s n GJ, can be further rewritten as 

e s n (V("-«»W-s'+i) i? s ) n (i? s , ® v {s - iy )) ® v (n ' (<_a)) ) , 

and the equality in (15.8b follows. Moreover, it is trivially included in 

s-2 

i=o 

which coincides with £ s n (y("-n.(<)-«'+i) <g> X"; 8 ' -1 <g> 0™=( 4 - 2 ))), so the desired 
inclusion follows. 

We consider now the case i is even, and we remark that in this case n — n s (i) — 
s' + 1 may be negative. In fact, we have that E s D G s s , can be rewritten as the 
intersection of E s with 

min'+s — s — 1 

y(Max') g, ^y(min') ® _R s ) p ^ ^ y W ® i? s ® y(W+W-j)^ g, y(ti,(i-2)) _ 

3=0 

Hence, by the definition of X s s ; m given in I l5.6t , the equality for i even follows and 
the claim is proved. 

In fact, for s = b and s' = a, using the second inclusion of Remark l5.10l (which 
follows from the assumption that Ker(J 2 ) satisfies that fc<8uKer(5 2 ) ^ <J£+i®Jb+i)> 
the ex. and the definition of J b ,. . , s, we have that 

E b nG b a cyi-'M ®4»(i+D- ( 5 - 9 ) 

We state the following proposition which generalizes the result for i = 2. 

Proposition 5.13. Suppose that for all j such that 2 < j < i, Kcv(Sj) is 2-pure in 
degrees n a (j + 1) and n b (j + 1) satisfying that that k ® A Ker(<5,) ~ J^jj+i) © ^y+iy 
Then, Ker(£j) is 2-pure in degrees n a (i + 1) and rib{i + 1) such that k ®a Ker(<5j) ~ 
(i+i) ® Jn b (i+i) tf an d on ty if the tuples (E S ,F S , G s a , G£) ofsubspaces defined in this 
subsection are distributive for each s e {a, b} and for all n G No (or just n > n s (i)), and 
we have the following inclusions 

E a n (jr-.n-n.W g, ^(i-2))) g ^(n-n^i+l)) g, Jo^ + g, ja^ 

for all n e No satisfying that n a (i — 1) + b < n < n a (i) + b — 1 if i is even, and the 
inclusion 

if i is odd. 
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Proof. We shall first prove the "if" part, so we assume the distributivity of the 
mentioned tuples, and the previous inclusions. 
We have already seen that 



(Ker(*,))„ = 



(y(»-n.(Q) g n (j n _ nj(i _ 1} ^ yMH)) 

(0 ® < 



s=a,6 J "-n.W la "' % (i) 

If we denote the numerator of the summand indexed by s on the right member by 
N*, we have that 

N* = E S D (F s + G s a + G s b ) = (E s n F s ) + (E s n G*) + (E s n Gg) 

= /„-„.(,) ® + © J^ i+1) , 

where we have used the distributivity conditions in the second equality, equations 
H5.4> , 115.511 , either Il5.7t if i is even, or 115.811 if i is odd, and I15.9L and the inclusions of 
the statement. Hence, Kci(5i) is 2-pure in degrees n a (i + 1) and n&(i + 1) satisfying 
in fact that k © A Ker(<fc) ~ J^ (i+1) © J^ b[l+iy 

Conversely, assume that Ker(Jj) is 2-pure in degrees n a (i + l) and n&(i + 1) such 
that fc (g>^4 Ker(5i) ~ J° © •\ lb u + iy We will prove the required distributivity 
condition and the stated inclusions. Consider the following commutative diagram 
for s £ {a, 6} 



y(n-n„(i+l)) q js y(n-n s (i+l)) 




(y(»-«-i) g, n (7„_ s © VW) 



8+1 



Notice that the domain of g is the homogeneous component of degree n of A © 
■^« s (i+i)' ^ S codomain is the component of degree n of Ker(fl|) and g is the cor- 
responding homogeneous component of the projective cover, so surjective. The 
horizontal epimorphism follows from the trivial inclusion 

i n -n B (i+i) ® J^+i) Q © J^ (i+1) ) n (/„_„ aW © J« s(i) ), 

and the map / is just the canonical inclusion. The commutativity of the diagram 
just follows from the construction of the projective cover of a module. The surjec- 
tivity of g yields the surjectivity of /, so the latter is an isomorphism. If we consider 
i even and the case n a (i — 1) + b < n < n a (i) + 6—1, the equality coming from 
(15. 7\ and the identity given by / imply that the inclusions for the even case hold. 
On the other hand, if i is odd and we take n = n a {i) +6—1, the equality (|5.8t tells 
us that the inclusion in the odd case also holds. Finally, the distributivity of the 
corresponding tuple also follows from the isomorphism /. The proposition is thus 
proved. □ 

Remark 5.14. In analogous manner to what was stated in Remark \5^9\ the condition k ©a 
Ker(Si) ~ J° © Jn b (i+i)'f or i — 3/ usually understood as stating that the obvious 
morphismfrom J® © J* t ( i+1 ) to fc©^Ker(5i) is an isomorphism, is equivalent to the 
weaker condition given by the existence of any isomorphism k ©^ Ker(<y ~ Jjj © 
^n b (i+iy d ue t° Lemma \3.11\ (see also the proof of Proposition \3.12h 
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5.4 Main result 



We shall summarize in this subsection the main result achieved in the description 
of the {a, 6}-multi-Koszul property of algebras in terms of lattices of subspaces, 
which follows from the previous results proved in the two previous subsections. 

Theorem 5.15. Let A = T(V)/{R) be an {a, b}-midti-homogeneous algebra (2 < a < b) 
such that R a © Rt satisfies the minimality condition. We have thus the following equiva- 
lences: 

(i) The ex. are satisfied, we have the following collection of inclusions 

for all n e No satisfying that n a (i — l) + b<n<n a (i)+b — lifiis even, and the 
inclusion 

{v {b - 1] ® J% a(i) ) n ((^ (s '" 1) ® R s ) n (fly ® v (s - r) )) ® v r (««(«- 2 )) 

ff i is odd, and f/ie tapZe (£", F',G', F", G") considered in Proposition \5.7\ is 
(2,2)-bidistributive, and for all i > 3 f/ze twpZes (E s ,F s ,Gl,Gl) of subspaces 
defined in the previous Subsection are distributive for each s £ {a,b} and for all 
n e No (or just n > n s (i)). 

(ii) A is {a, b}-multi-Koszul. 

Proof. The first statement is a consequence of the second one by Propositions 15.71 
and 15.131 The converse is also direct, using the mentioned results and taking into 
account the recursive process explained in the first paragraph of the previous sub- 
section. □ 



5.5 The monomial case 

We shall consider in this subsection an algebra A = T(V)/(R) such that R = R a (B 
Rb (2 < a < b) satisfies the minimality condition and it has a basis of monomials. 

We shall first recall some definitions. The set of all the subspaces of V will 
be denoted by C(V). It is known that the lattice (C(V), C, +, n) is modular, i.e. 
given Wi,W 2 , W 3 G C(V), if W 2 C W lr then W x n (W 2 + W 3 ) = W 2 + {W x n W 3 ). 
A sublattice S C C(V) is distributive if E n (F + G) = (E D F) + (E D G) for all 
E,F,G G 5. Note that this also implies the condition E+(FnG) = (E+F)D{E+G) 
(see J251, Ch. I, §4, Thm. 3). 

The following result is a first criterion for distributivity. 

Proposition 5.16. Given W\ , . . . , W n subspaces of V, we consider the sublattice T gen- 
erated by W\, ■ ■ ■ , W n , i.e. T is the intersection of all the sublattices of C(V) containing 
the subspaces W\, • • • , W n . Then T is distributive if and only if there exists a basis B of 
V such that Bi = B nWi is a basis of Wi for all 1 < i < n. In this case, we say that B 
distributes with respect to W\, ■ • ■ , W n . 

Proof. See flU, Lemma 1.2. □ 

We may apply the previous result to the situation we are interested in: if R 
has a basis of monomials, the sublattice of all vector subspaces of generated 
by ® R s ® l/( rl_s_ J) / for j = 0, . . . , n — s and s = a,b, is distributive, as 
one can deduce by using the basis of composed of all monomials of (tensor) 
degree n. This implies that all the tuples considered in Propositions 15 . 7| and 15 . 1 3 l are 
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distributive. In fact, using Lemma [5.61 and the comments of Remark 15.101 we get 
that Ker(5 2 ) is 2 -pure in degrees a + 1 and b+ 1 such that fciguKer^) ~ Ja+i®Jt,+i 
if and only if the e.c. and the first collection of inclusions of Remark 15. 101 hold. 
Moreover, we remark that in this case Proposition 15 . 1 3 1 can be rewritten as stating 
that, under the same assumptions, Kcr(<5i) is 2-purein degrees n a (i+l) and ni,(i+l) 
such that k ® A Ker(<5 l ) ~ J^ a{l+1) ®J b nb{l+1) if and only if the tuples (E s , F s ,G s a , g{) 
of subspaces defined in that subsection are distributive for each ,s G {a, b} and for 
all n G No (or just n > n s (i)). This is due to the fact that the inclusion at the end of 
the proposition follows from inclusion (15. 7\ and the mentioned distributivity. We 
have thus proved the following result: 

Corollary 5.17. Let A = T(V)/(R) be an {a, b}-multi-homogeneons algebra (2 < a < b) 
such that R a © Rb satisfies the minimality condition and it has a basis of monomials. Then, 
A is multi-Koszul if and only if the e.c. and the inclusions ofRemark \5. 1 0\ are satisfied. 

Remark 5.18. Note that if the algebra A is monomial the e.c. may be equivalently stated 
as an overlapping property on a basis of monomials of the space of relations, as in (51, Prop. 
3.8. 



Acknowledgements 

The second author would like to thank Eduardo Marcos and Andrea Solotar for 
interesting comments and suggestions. 

References 

[1] Jorgen Backelin, A distributiveness property of augmented algebras and some related homological results, 
Ph.D. Thesis, Stockholm, 1982. 

[2] Jorgen Backelin and Ralf Froberg, Koszul algebras, Veronese subrings and rings with linear resolutions, 
Rev. Roumaine Math. Pures Appl. 30 (1985), no. 2, 85-97. 

[3] A. A. Beilinson, V. A. Ginsburg, and V. V. Schechtman, Koszul duality, J. Geom. Phys. 5 (1988), no. 3, 
317-350. 

[4] Alexander Beilinson, Victor Ginzburg, and Wolfgang Soergel, Koszul duality patterns in representa- 
tion theory, J. Amer. Math. Soc. 9 (1996), no. 2, 473-527. 

[5] Roland Berger, Koszulity for nonquadratic algebras, J. Algebra 239 (2001), no. 2, 705-734. See also 
Koszulity for nonquadratic algebras II. Preprint available at arXiv : math/030 1172V1 [math . QA] . 

[6] , La categoric des modules gradues sur une algebre graduee (nouvelle version du chapitre 5 d'un 

cours de Master 2 a Lyon 1) (2008). 

[7] Roland Berger, Michel Dubois- Violette, and Marc Wambst, Homogeneous algebras, J. Algebra 261 
(2003), no. 1, 172-185. 

[8] Roland Berger and Victor Ginzburg, Higher symplectic reflection algebras and non-homogeneous N- 
Koszul property, J. Algebra 304 (2006), no. 1, 577-601. 

[9] Roland Berger and Nicolas Marconnet, Koszul and Gorenstein properties for homogeneous algebras, 
Algebr. Represent. Theory 9 (2006), no. 1, 67-97. 

[10] Sheila Brenner, Michael C. R. Butler, and Alastair D. King, Periodic algebras which are almost Koszul, 
Algebr. Represent. Theory 5 (2002), no. 4, 331-367. 

[11] Seminaire Henri Cartan, lie anne: 1958/59. Invariant de Hopfet operations cohomologiques secondaires, 
2e ed. 2 vols. Ecole Normale Superieure, Secretariat mathematique, Paris, 1959 (French). 

[12] Andrew Conner and Pete Goetz, Aao-algebra structures associated to K.2 algebras, J. Algebra 337 
(2011), 63-81. 

[13] Thomas Cassidy and Brad Shelton, Generalizing the notion of Koszul algebra, Math. Z. 260 (2008), 
no. 1, 93-114. 

[14] R. Froberg, Koszul algebras, Advances in commutative ring theory (Fez, 1997), Lecture Notes in 
Pure and Appl. Math., vol. 205, Dekker, New York, 1999, pp. 337-350. 



32 



[15] V. E. Govorov, Dimension and multiplicity of graded algebras, Sibirsk. Mat. Z. 14 (1973), 1200-1206, 
1365 (Russian). 

[16] Edward L. Green and E. N. Marcos, d-Koszul algebras, 2-d-determined algebras and 2-d-Koszul algebras, 
J. Pure Appl. Algebra 215 (2011), no. 4, 439^49. 

[17] E. Green, E Marcos, R. Martinez-Villa, and P. Zhang, D-Koszul algebras, J. Pure and App. Algebra 
193 (2004), 141-162. 

[18] Phung Ho Hai and Martin Lorenz, Koszul algebras and the quantum MacMahon master theorem, Bull. 
Lond. Math. Soc. 39 (2007), no. 4, 667-676. 

[19] Ji-Wei He and Di-Ming Lu, Higher Koszul algebras and A-infinity algebras, J. Algebra 293 (2005), no. 2, 
335-362. 

[20] Jean-Louis Koszul, Homologie et cohomologie des algebres de Lie, Bull. Soc. Math. France 78 (1950), 
65-127 (French). 

[21] Kenji Lefevre-Hasegawa, sur les A^o-categories, Ph.D. Thesis, Paris, 2003 (French). Corrections at 

http : / /www . math . jussieu.fr/ keller/lefevre/TheseFinale/corrainf.pdf. 

[22] Yu. I. Manin, Some remarks on Koszul algebras and quantum groups, Ann. Inst. Fourier (Grenoble) 37 
(1987), no. 4, 191-205 (English, with French summary). 

[23] S. A. Merkulov, Strong homotopy algebras of a Kdhler manifold, Internat. Math. Res. Notices 3 (1999), 
153-164. 

[24] Constantin Nastasescu and Freddy Van Oystaeyen, Methods of graded rings, Lecture Notes in Math- 
ematics, vol. 1836, Springer- Verlag, Berlin, 2004. 

[25] Oystein Ore, On the foundation of abstract algebra. I, Ann. of Math. (2) 36 (1935), no. 2, 406-437. 

[26] Stewart B. Priddy, Koszul resolutions, Trans. Amer. Math. Soc. 152 (1970), 39-60. 

[27] Charles A. Weibel, An introduction to homological algebra, Cambridge Studies in Advanced Mathe- 
matics, vol. 38, Cambridge University Press, Cambridge, 1994. 



33 



